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Abstract 



Let V be a symmetric monoidal model category and let X be an object in V. Following the results 
of [33] it is possible to construct a new symmetric monoidal model category Sp^{V,X) of symmetric 
spectrum objects in V with respect to X, together with a left Quillen monoidal map V Sp^{V,X) 
sending X to an invertible object. 

In this paper we use the recent developments in the subject of higher algebra [BH] to extend the 
results of [43j . Every symmetric monoidal model category has an underlying symmetric monoidal (oo, 1)- 
category and the first notion should be understood as a mere "presentation" of the second. Our main 
result is the characterization of the underlying symmetric monoidal oo-category of Sp^ {V, X), by means 
of a universal property inside the world of symmetric monoidal (oo, l)-categories. In the process we also 
extend the results of [33] relating the construction of ordinary spectra to the one of symmetric spectra. 
As a corollary, we obtain a precise universal characterization for the motivic stable homotopy theory of 
schemes with its symmetric monoidal structure. This characterization trivializes the problem of finding 
motivic monoidal realizations. 

As an application we provide a new approach to the theory of noncommutative motives by constructing 
a stable motivic homotopy theory for the noncommutative spaces of Kontsevich [521 1531 [55] . For that 
we introduce an analogue for the Nisnevich topology in the noncommutative setting. Our universal 
property for the classical theory for schemes provides a canonical monoidal map towards these new 
noncommutative motives and allows us to compare the two theories. 
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1 Introduction 

1.1 Motivation 

This paper is the first part of a research project whose main goal is to compare classical algebraic geometry 
with the new noncommutative algebraic geometry in the sense of Kontsevich [53] . More precisely, we want 
to compare the motivic levels of both theories. 

1.1.1 Motives 

In the sixties, and following the works of Weil and Serre, Grothendieck constructed an "arithmetically 
flavored" cohomology theory for algebraic varieties. More precisely, he found a whole family of different 
cohomology theories, each one reflecting different arithmetic properties. The subject of motives started 
exactly as quest for an abelian category whose objects (the "motives") would be the possible values of a 
conjectural universal theory of such kind. 

At that time, cohomology theories were formulated in a rather artificial way using abelian categories as 
the basic input. The notion of triangulated categories appeared as an attemptive to provided a new, more 
natural setting for cohomology theories. Of course, the subject of motives followed these innovations [9] and 



2 



finally, in the 90's, V. Voevodsky [37] constructed what became known as "motivic cohomology" . Many 
good introductory references to the subject are now available pi [51 IM]. 

In the late 90s, V. Voevodsky and F. Morel brought the ideas of homotopy theory to the context of alge- 
braic geometry |961 1661 165) . Their main goal was to mimic the fruitful techniques of algebraic topology in 
the algebraic context. In particular, they aimed to have something resembling the stable homotopy theory 
of spaces - a new setting where all cohomology theories for schemes become representable. In particular, 
this would allow easier definitions for the motivic cohomology, the algebraic i^-theory, algebraic cobordism, 
etc, by merely providing their representing spectrums. Their construction has two main steps: the first 
part mimics the homotopy theory of spaces and its stabilization; the second part forces the remaining nec- 
essary condition so that motivic cohomology and the algebraic if -theory become representable: to invert 
the monoidal multiplication by the " Tate motive" . The final result is known as the motivic stable homotopy 
theory of schemes. Our main goal in this paper is the formulation of a precise universal property for their 
construction. 



1.1.2 Noncommutative Algebraic Geometry 

In Algebraic Geometry, and specially after the works of Serre and Grothendieck, it became a common practice 
to study a scheme X via its abelian category of quasi-coherent sheaves Qcoh{X). The reason for this is in fact 
purely technical for at that time, abelian categories were the only formal background to formulate cohomology 
theories. In fact, the object Qcoh{X) turns out to be a very good replacement for the geometrical object X: 
thanks to [33l[77] we know that X can be reconstructed from Qcoh{X). However, it happens that abelian 
categories do not provide a very natural framework for homological algebra. It was Grothendieck who first 
noticed that this natural framework would be, what we nowadays understand as, the homotopy theory of 
complexes in the abelian category. At that time, the standard way to deal with homotopy theories was to 
consider their homotopy categories - the formal strict inversion of the weak-equivalences. This is how we 
obtain the derived category of the scheme D{X). For many reasons, it was clear that the passage from the 
whole homotopy theory of complexes to the derived category loses to much information. The answer to this 
problem appeared from two different directions. First, from the theory of dg-categories [HI [191 [20] . More 
recently, an ultimately, with the theory of oo-categories ^ [TTJ [62l [63l [HB IM] • The first subject become 
very popular specially with all the advances in [T71 [TSl [15J [351 [53 [53] ■ The second, although initiated 
in the 80s with the famous manuscript |38| . only in the last ten years, and specially due to the tremendous 
efforts of [121 [63], has reached a state where its full potential can be explored. Both subjects provide an 
appropriate way to encode the homotopy theory of complexes of quasi-coherent sheaves. In fact, the two 
approaches are related and, for our purposes, should give equivalent answers (see our Section l6.2[) . Every 
scheme X (over a ring k) gives birth to a fc-dg-category Lqcoh{X) - the dg-derived category of X - whose "zero 
level" recovers the classical derived category of X. For reasonable schemes, this dg-category has an essential 
property deeply related to its geometrical origin - it has a compact generator and the compact objects are 
the perfect complexes (see [l^ and |88]). It follows that the smaller sub-dg-category Lpe{X) spanned by the 
compact objects is "affine", and enough to recover the whole Lqcoh{X). 

In his works |SH[S31[SS], Kontsevich initiated a systematic study of the dg-categories with the same formal 
properties of Lpe{X), with the observation that many different examples of such objects exist in nature: if 
A is an associative algebra then A can be considered as a dg-category with a single object and we consider 
L{A) the dg derived category of complexes of A-modules and take its compact objects. The same works with 
a differential graded algebra. The Fukaya category of a sympletic manifold is another example [54j . There 
are also examples coming from complex geometry ^70 , representation theory, matrix factorizations (see [31]). 
and also from the techniques of deformation quantization. This variety of examples with completely different 
origins motivated the understanding of dg-categories as natural noncommutative spaces. The study of these 
dg-categories can be systematized and the assignment X i-^> Lpe{X) can be properly arranged as a functor 
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Lpe : Classical Schemes/ fc s- Noncommutative Spaces/fc 



(1) 



In fact, the functor Lpe is defined not only for schemes but for a more general class of geometrical objects, 
so called derived stacks (see [HI EH ES]). They are the natural geometric objects in the theory of derived 
algebraic geometry of [92l [93l [6T] . For the purposes of noncommutative geometry, this fact is crucial: thanks 
to the results of Toen-Vaquie in |91| . at the level of derived stacks, Lpe admits a right-adjoint, providing a 
canonical mechanism to construct a geometric object out of a noncommutative one. 

Kontsevich proposes also that similarly to schemes, these noncommutative spaces should also admit a 
motivic theory. Our second goal in this paper is to provide a natural candidate for this theory, that extends in 
a natural way the theory of Voevodsky- Morel. The brigde between the two theories is a canonical extension 
of the map Lpe given by our universal characterization of the theory for schemes. 

1.1.3 Our Work 

The motivic construction of Morel- Voevodsky was performed using the techniques of model category theory. 
Nowadays we know that a model category is a mere strict presentation of a more fundamental object - an 
(oo, l)-category. Every model category has an underlying (oo, l)-category and the last is what really matters. 
It is important to say that the need for this passage overcomes the philosophical reasons. Thanks to the 
techniques of (621 163] we have the ways to do and prove things which would remain out of range only with 
the highly restrictive techniques of model categories. 

The first part of our quest concerns the universal characterization of the (cxd, l)-category underlying the 
stable motivic homotopy theory of schemes, as constructed by Voevodsky and Morel, with its symmetric 
monoidal structure. The characterization becomes meaningful if we want to compare the motives of schemes 
with other theories. In our case, the goal is to conceive a theory of motives for the noncommutative spaces 
and to relate it to the theory of Voevodsky-Morel. The universal property proved in the first part, ensures, 
for free, the existence of a (monoidal) dotted arrow at the motivic level 

Classical Schemes/fc NC-Spaces/fc (2) 



Stable Motivic Homotopy/fc NC-Stablc Motivic Homotopy/fc 

Let us also say that other different types of motivic theories for dg-categories are already known (see 
[86l [22j [83] and [87] for a pedagogical overview). These approaches are essentially of " 'cohomological na- 
ture"'. Our method should be said '"homological" and follows the spirit of stable homotopy theory. Its 
main advantage is the canonical way in which we extract the dotted monoidal map. In general, this kind of 
monoidal maps are extremely hard to obtain only by constructive methods and the techniques of model cat- 
egory theory. Other important advantage is that it allows us to work over any base scheme, not necessarily 
a field. 

To achieve the universal characterization we will need to rewrite the constructions of Voevodsky-Morel 
in the setting of oo-categories. The dictionary between the two worlds is given by the techniques of [62] 
and [63j . In fact, [62j already contains all the necessary results for the characterization of the -homotopy 
theory of schemes and its stable non-motivic version. The problem concerns the description of the stable 
motivic world with its symmetric monoidal structure. This is our main contribution. The key ingredient is 
the following: 
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Insight 1.1. (see the Theorem \4-28\ for the precise formulation): 

Let V be a combinatorial simplicial symmetric monoidal model category with a cofibrant unit and let C® de- 
note its underlying symmetric monoidal oo-category. Let X be a cofibrant object in V satisfying the following 
condition: 

(*) the cyclic permutation of factors a:X®X®X^X®X®X is equal to the identity map in the 
homotopy category O/V0 

Then the underlying symmetric monoidal oo-category of Sp^{V,X) is the universal symmetric monoidal 
(cxD, l)-category equipped with a monoidal map from C**, sending X to an invertible object. 

This extra assumption on X is not new. It is already present in the works of Voevodsky {^9E') and it also 
appears in [43j . We must point out that we believe our result to be true even without this extra assumption 
on X. We will explain this in the Remark 14.291 

Corollary 1.2. f Corollary \ 5.11\) Let S be a base scheme and let Sm-^*{S) denote the category of smooth 
separated schemes of finite type over S. The {oo,\)- category $'K{S) underlying the stable motivic homo- 
topy theory of schemes is stable, presentable and admits a canonical symmetric monoidal structure $'K{S)® . 
Moreover, the construction of Voevodsky-Morel provides a functor S'm-^* (5') ^ — > SJ-C^S)® monoidal with re- 
spect to the cartesian product of schemes, and endowed with the following universal property: 

(*) for any stable presentable symmetric monoidal {oo, l)-category 'D'^ , the composition map^ 

Fun'^'^{§3{{S)'^,T>®) Fun®{Smf'{SY ,T)®) (3) 

is fully faithful and its image consists of those monoidal functors Sm^^{S)^ — > 2)® satisfying Nisnevich 

descent, h} -invariance and such that the cofiber of the image of the point at oo, S — P"'^ is an invertible 
object inD® . 

This result trivializes the problem of finding motivic monoidal realizations. 

Example 1.3. Let S — Spec{k) be field of characteristic zero. The assignment X n> S°°(X(C)) provides 
a functor Sm-^*{S) Sp with Sp the (oo, l)-category of spectra (see below). This map is known to be 
monoidal, to satisfy all the descent conditions in the previous corollary and to invert in the required 
sense. Therefore, it extends in a essential unique way to a monoidal map of stable presentable symmetric 
monoidal (oo, l)-categories $'K{S)® Sp®; 

Example 1.4. Again, let S = Spec{k). Another immediate example of a monoidal motivic realization is the 
Hodge realization. Properly constructed, the map X ^ Cdb.{X) sending a scheme to its De Rham complex 
provides a functor Sm-^*{S) 25(fc) with D{k) the (oo, l)-derived category of k. This map is known to 
be monoidal with respect to the cartesian product of schemes (Kunneth formula), satisfies all the descent 
conditions and inverts P^ in the sense above. Because of the universal characterization, it extends in a 
essential unique way to a monoidal motivic Hodge Realization §J{(5')® — > D{k)® (where on the left we have 
the monoidal structure induced by the derived tensor product of complexes). 

As a main application, we systematize the comparison between the commutative and noncommutative 
worlds. After some preliminairs on dg-categories, we introduce the (oo, l)-category of smooth noncom- 
mutative spaces l^cS{k) as the opposite of the (oo, l)-category of idempotent dg-categories of finite type 
Dg{k)^*' C Dg{ky'^'^"^ introduced by Toen-Vaquie in f5TJ. By introducing an appropriate analogue for the 

'^More precisely we demand the existence of an homotopy in V between the cycHc permutation and the identity, 
■^see the notations in l2.1l 
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Nisnevich topology, we construct a new stable presentable symmetric monoidal (cxd, l)-category §^nc{S)'^ 
encoding a stable motivic homotopy theory for these noncommutative spaces. To conclude, we explain how 
to encode the map X i— >■ Lpe{X) as a functor Lp^ towards J^cS{k) and how our universal characterization 
of the stable motivic homotopy theory of schemes allows us to extend it to a monoidal colimit preserving 
functor 

§Jf(fc)« ^ SJ{„e(fc)® (4) 

1.1.4 Further Applications 

To conclude let us provide another application for our work. Thanks to the famous theorem HKR, the 
Periodic Cyclic Homology HP,{X) provides the correct noncommutative analogue of the classical de Rham 
cohomology. In f 47 l , the authors introduced the notion of a noncommutative Hodge Structure. They formulate 
the following conjecture: 

(*) If X is a "good enough" noncommutative space then HP,{X) carries a noncommutative Hodge-Structure; 

Said in a different way, HP, should provide a functor from noncommutative spaces to noncommutative 
Hodge-structures. We should then expect this functor to factor through our new noncommutative version of 
the motivic stable homotopy theory because of its universal property. More generally, we expect our main 
commutative diagram to fit in a larger one 




Classical Hodge-Structures *- NC-Hodge Structures 



where the map from the classical to the noncommutative Hodge structures was introduced in The 
diagonal maps are known as the Hodge-realizations functors: the commutative case is known to the experts 
(see [75] for a survey of the main results); the noncommutative case is given by the conjecture (*). This 
conjecture can be divided in two parts: the first concerns the de Rham part (see |46j ) and the second is 
related to the Betti part. Some recent progress towards this last part is now available in [12]. 

1.2 Acknowledgments and Credits 

This paper is the first part of my ongoing Doctoral Thesis at the Universite de Montpellier under the direc- 
tion of Bertrand Toen. I want to express and emphazise my sincere admiration, gratitude and mathematical 
debt to him. For accepting me as his student, for proposing me such an amazing quest, and for, so kindly, 
sharing and discussing his ideas and beautiful visions with me. Moreover, I want to thank him for all the 
comments and suggestions improving the text here presented. 

The story of the ideas and motivations for this work started in the spring of 2010 when they were dis- 
cussed in the first ANR-Meeting - "GADl" - in Montpellier. The discussion continued later in the summer 
of 2010, when a whole research project was envisioned and discussed by Bertrand, together with Gabriele 
Vezzosi, Michel Vaquie and Anthony Blanc. I am grateful to all of them for allowing me to dive into this 

^Of course we should only expected the part of the diagram concerning the Hodge Theory to work if we restrict to a good 
class of schemes over k 
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amazing vision and to pursue the subject. 

I also want to acknowledge the deep influence of the colossal works of Jacob Lurie in the subject of higher 
algebra. I have learned a lot from his writings and of course, this work depends heavily and continuously on 
his results and techniques. 

I'm also grateful to Denis-Charles Cisinski for a very helpful conversation on the subject of motives and 
for explaining me his ongoing joint work with Gongalo Tabuada. 

I also wish to express my deep gratitue to Dimitri Ara and Georges Maltsiniotis. For all the mathematical 
discussions from which I have learned so much and for the friendly reception in Paris. It has also been a 
pleasure to have Anthony Blanc and Benjamin Hennion as comrades in this Quest, and I want to thank them 
for the all discussions along the way. Moreover, I want to acknowledge the friendly environment I found in 
the Universite de Montpellier. 

Finally, for the continuous support, encouragement and love, I want to dedicate this work to Maria 
leshchenko. 

1.3 Outline of the paper 

In Section [2] we set our notations and review the main notions and tools from Higher Category Theory, 
together with the mechanism to pass from the world of model categories to (oo, l)-categories. These tools 
will be used all along the paper. Section [3] is dedicated to the subject of higher algebra: following [55] . 
we summarize the theory of symmetric monoidal (oo, l)-categories, their algebra objects and the associated 
theories of modules. We also add some original preliminary results and remarks needed in the following 
sections. The reader familiar with the subject can skip this section and consult these results later on. Section 
informs the core of our paper. In 14. II and following some ideas of [93], we deal with the formal inversion of 
an object X in a symmetric monoidal (oo, l)-category. First we treat the case of small symmetric monoidal 
{cx),l)- categories and then we extend the results to the presentable setting. In 14.21 we recall the classical 
notion of (ordinary) spectra, which can be defined either via a limit kind of construction or via a colimit. 
When applied to a presentable (oo, l)-category both methods coincide. Still in this section, we recall a 
classical theorem (see |96j ) which says that, under a certain symmetric condition on X, the formal inversion 
of an object in a symmetric monoidal category is equivalent to the (ordinary) category of spectra with 
respect to X. In the Corollarv 14.241 we prove that this results also holds in the oo-setting. In 14.31 we use the 
results of |43) to compare our formal inversion to the more familiar notion of symmetric spectra and we prove 
(Theorem 14. 28p that, again under the same extra assumption on X, both notions coincide. In Section [5] we 
use the results of HI together with the techniques of [62j[63], to completely characterize the A^-homotopy 
theory of schemes and its associated motivic stabilization by means of a universal property inside the world of 
symmetric monoidal (oo, l)-categories. Finally in the Section[Sl we construct a motivic A-'^-homotopy theory 
for the noncommutative spaces of Kontsevich. As a corollary of the universal characterization we have, for 
free, a canonical monoidal map comparing the classical theory for schemes and the new noncommutative 
motivic side. 

2 Preliminairs I: Higher Category Theory 

2.1 Notations and Categorical Preliminairs 
2.1.1 Quasi-Categories 

The theory of (oo, l)-categories has been deeply explored over the last years and we now have many different 
models to access them. In this article we follow the approach of [551 [53], using the model provided by 
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Joyal's theory of Quasi-Categories |44| . In this sense, the two notions of quasi- category and (cxd, l)-category 
will be identified throughout this paper. Recall that the Joyal's model structure is a combinatorial, left 
proper, cartesian closed model structure in the category of simplicial sets A, for which the cofibrations are 
the monomorphisms and the fibrant objects are the quasi-categories - by definition, the simplicial sets 6 with 
the lifting property 



(6) 



for any inclusion of an inner-horn A'^[n] C A[n] with < k < n and any map /. 



For a quasi-category 6, we will follow [62] and write Obj{G) for the set zero-simplexes of C; given two 
objects X,Y € Obj{C) we let Map^^X, Y) denote the simplicial set Mapping Space between them and finally 
we let h{C) denote the homotopy category of C. Moreover, as in [331 the term categorical equivalence will 
refer to a weak-equivalence of simplicial sets for the Joyal's model structure. 



2.1.2 Universes 

In order to deal with the set-theoretical issues we will follow the approach of Universes (our main reference 
being the Appendix by Nicolas Bourbaki in T). We will denote them as U, V, W, etc. Moreover, we adopt a 
model for set theory where every set is artinian. In this case, for every strongly inaccessible cardinal the 
collection U{k) of all sets of rank < 41 is a set and satisfies the axioms of a Universe. The correspondence 
K t-^ V(k) establishes a bijection between strongly inaccessible cardinals and Universes, with inverse given 
by U i-T- cardiJJ). We adopt the axiom of Universes which allows us to consider every set as a member 
of a certain universe (equivalently, every cardinal can be strictly upper bounded by a strongly inaccessible 
cardinal). We will also adopt the axiom of infinity, meaning that all our universes will contain the natural 
numbers N and therefore Z, Q, M and C. Whenever necessary we will feel free to enlarge the universe U G V. 
This is possible by the axiom of Universes. 

Let U be an universe. As in fTI we say that a mathematical object T is U-small (or simply, small) if all 
the data defining T is collected by sets isomorphic to elements of U. For instance, a set is U-small if it is 
isomorphic to a set in U; a category is U-small if both its collection of objects and morphisms are isomorphic 
to sets in U; a simplicial set X is U-small if all its level sets Xi are isomorphic to elements in U, etc. A 
mathematical object T is called essentially small if is equivalent (in a context to be specified) to a U-small 
object. A category C is called locally U-small (resp. locally essentially U-small) if its hom-sets between any 
two objects are U-small (resp. essentially small) H We define the category of U-sets as follows: the collection 
of objects is U and the morphisms are the functions between the sets in U. It is locally small. Another 
example is the category of U-small categories Caty whose objects are the U-small categories and functors 
between them. Another important example is given by Au the category of U-small simplicial sets. Again, it 
is locally small and, together with the Joyal's model structure (see j33]) it forms a U-combinatorial model 
category (in the sense of [52]) and its cofibrant-fibrant objects are the U-small (oo, l)-categories. 

^Recall that a cardinal k is called strongly inaccessible if it is regular (meaning, the sum of strictly smaller cardinals 

ai < K with i ^ I and card{I) < k, is again strictly smaller than k, which is the same as saying that k is not the sum of 
cardinals smaller than k) and if for any strictly smaller cardinal a < k, we have 2" < k 

^Recall that a set X is said to have rank smaller than k if the cardinal of X is smaller than k and for any succession of 
memberships Xn £ X„—i S ... G Xq = X, every Xi has cardinal smaller than ft. 

^Notice that this definition is not demanding any smallness condition on the collection of objects and therefore a locally 
small category docs not need to be small 
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Consider now an enlargement of universes U G V. In this case, it follows from the axiomatics that every 
U-small object is also V-small. With a convenient choice for V, the collection of all U-small {oo, l)-categories 
can be organized as a V-small (oo, l)-category, Cat^ (See [S^-Chapter 3 for the details). We have a canon- 
ical inclusion An C ziy which is compatible with the Joyal's Model structure. Again, through a convenient 
enlargement of the universes U G V G W, we have an inclusion of W-small (oo, l)-categories Cat^ C Cat^J^. 
We say that a V-small (oo, l)-category is essentially V-small if it is weak-equivalent in ziy to a U-small 
simplicial set. Thanks to [62j 5.4.1.2], the following conditions are equivalent for a V-small (oo, l)-category 
C: (i) C is essentially U-small; (ii) carc?(7ro(C)) < card{lJ) and 6 is locally small, which means that for any 
two objects X and Y in C, we have card{ni{Mape{X ,Y))) < card{1J); {Hi) 6 is a card(U)-compact object 
in CatJ^ (see IMJJ below). 

Some constructions require us to control "how small" our objects are. Given a cardinal r in the universe 
U, we will say that a small simplicial set K is r-small if a fibrant-replacement G oi K satisfies the conditions 
above, replacing card{V) by r. 

The category of U-small simplicial sets can also be endowed with the standard Quillen model structure 
(see |41|) and it forms a U-combinatorial simplicial model category in which the fibrant-cofibrant objects are 
the U-small Kan- complexes. They provide models for the homotopy types of U-small spaces and following 
the ideas of the Section we can collected them in a new (oo, l)-category Sy. Again we can enlarge the 
universe U G V and produce inclusions §u Q §y- 

Throughout this paper we will fix three universes U G V G W with V chosen conveniently large and W, 
very large. In general, we will work with the V-small simplicial sets and the U-small objects will be refered 
to simply as small. In order to simplify the notations we write Catao (resp. §) to denote the (oo, l)-category 
of small (oo, l)-categories (resp. spaces). With our convenient choice for V, both of them are V-small. The 
third universe W is assumed to be sufficiently large so that we have W-small simplicial sets Cat^^ (resp. 
§''*'') to encode the (oo, l)-category of all the V-small (oo, l)-categories (resp. spaces). 



2.1.3 Fibrations of Simplicial Sets 

Let p : X ^ Y map of simplicial sets. We say p is a trivial fihration if it has the right-lifting property with 
respect to every monomorphism of simplicial sets. We say p is a categorical fibration if it is a fibration for 
the Joyal's model structure. We say p is an inner fibration if it has the right-lifting property with respect 
to every inclusion A''[n] C A[n], with < fc < n. We have 

{trivial fibrations} C {categorical fibrations} C {inner fibrations} (7) 

2.1.4 Categories of Fiinctors 

The Joyal's model structure is cartesian closed (see [44] or the Corollary 2.3.2.4 of 62 ). In particular, if 
C and D are (oo, l)-categories in a certain universe, the internal-hom in A, Fun{C,D) := Hom ^(G. D) is 
again an (oo, l)-category in the same universe (See Prop. 1.2.7.3 of [62]). It provides the good notion of 
(oo, l)-category of functors between 6 and D; 

2.1.5 Diagrams 

Let C be an (oo, l)-category and let if be a simplicial set. A diagram in C indexed by if is a map of simplicial 
sets d : K C We denote by (resp. K'^) the simplicial set K * A[l] (resp. A[l] * K) where * is the 

^ CatE, is V-small and so it is also W-small 
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join operation of simplicial sets (see [5^-Section 1.2.8). 



If C is an (oo, l)-category, a commutative square in C is a diagram d : A[l] x A[l] — > 6. This is the same as 
a map A"[2]^ C. It is easy to check that A[l] x A[l] has four 0-simplexes A,B,C, D; five non-degenerated 
1-simplexes f,g,h,u,v and four non-degenerated 2-siniplexes a, (3, 7, cr, which we can picture together as 



D 





(8) 



C=^C 

id 

where all the inners 1-simplexes are given by h. Since C is an (00, l)-category, we can use the hfting property 
to show that the data of a commutative diagram in 6 is equivalent to the data of two triangles 



A 



D- 



A- 



f 



B 





gof 



(9) 



C 



c 



together with a map r : A ^ C and two-ceUs providing homotopies between gofc^r^vou. 



2.1.6 Comma-Categories 

If C is an {00, l)-category and X is an object in C, there are (00, l)-categories C/x and Cx/ where the objects 
are, respectively, the morphisms A ^ X and X ^ A. More generally, ii p : K C is a diagram in C indexed 
by a simplicial set K, there are (00, l)-categories C/p and 6^/ of cones (resp cocones) over the diagram. 
These (00, l)-categories are characterized by an universal property - see for instance [6?-Prop.l.2.9.2. 

2.1.7 Limits and Colimits 

Let 6 be an {00, l)-category. An object E : A[0] — > C is said to be initial (resp. final) if for every object Y 
in C the mapping space Mape{E,Y) (resp. Mape{Y, E)) is weakly contractiblc (sec the Definitions 1.2.12.1 
and 1.2.12.3 and the Corollary 1.2.12.5 of [62]). 

Let C be an {00, l)-category and let if ^> C be a diagram in C. A colimit (resp. limit) for a diagram 
d : if — >■ C is an initial (resp. final) object in the category Cp/ (resp. 6^). By the universal property defining 
the comma-categories, this corresponds to the data of a new diagram d : — ^ C (resp. K"^ — C) extending 
d and satisfying the universal property of |62i 1.2.13.5]. Whenever appropriate, we will also use the relative 
notions of limits and colimits (see [62l 4.3.1.1]). 

Following [62l 4.1.1.1, 4.1.1.8], we say that a map of simplicial sets (p : K' K \s cofinal if for every 
(00, l)-category C and every colimit diagram K'^ 6, the composition with (j>, [K')"^ — > 6 remains a colimit 
diagram. 

We will say that an (00, l)-category has all small colimits (resp. limits) if every diagram in C indexed by 
a small simplicial set has a colimit (resp. limit) in C. As in the classical situation, C has all K-small colimits 
(resp. limits) if and only if it has all K-small coproducts and all pushouts exist [551 4.4.2.6]. In particular, it 
has an initial (resp. final) object. 
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If 6 is an (oo, l)-category having colimits of a certain kind, then for any simphcial set 5, the (oo, 1)- 
category Fun{S, 6) has coUniits of the same kind and they can computed objectwise in C |62j 5.1.2.3]. 

If C and D are (oo, l)-categories with cohmits we wih denote by Fun^{C,D) the full subcategory of 
Fun{G, D) spanned by those functors which commute with colimits. 

We say that an (oo, l)-category is pointed it it admits an object which is simultaneously initial and final. 
Given an arbitrary (oo, l)-category with a final object we consider the comma-category 6* := 6,^/. This 
is pointed. Moreover there is a canonical forgetful morphism — >■ 6 which commutes with limits. 

2.1.8 Subcategories 

If C is an (oo, l)-category, and is a subset of objects and 5" is a subset of edges between the objects in 0, 
the subcategory of 6 spanned by the objects in together with the edges in 5" is the new (oo, l)-category 
Co, J obtained as the pullback of the diagram 

Co,? -e (10) 



N{h{e)o.^) — ^N{h{e)) 

where the lower map is the nerve of the inclusion of the subcategory /i(C)o,g- of h{C), spanned by the objects 
in together with the morphisms in h{C) represented by the edges in H. The right- vertical map is the unit of 
the adjunction {h, N). It follows immediately from the definition that Co,j will also be an (oo, l)-category. 

2.1.9 Grothendieck Construction 

We recall the existence of a Grothendieck Construction for (oo, l)-categories (See [SS'-Chapter 3). Thanks to 
this, we can present a functor between two (oo, l)-categories 6 — > D as a cocartesian fibration (see j62l-Def. 
2.4.2.1) p : M — > A[l] with p^^{{0}) = C and P~^({1}) — Using this machinery, the data of an adjunction 
between C and D corresponds to a bifibration M ~> A[l] (see the proof of [6?, 5.2.1.4] to understand how to 
extract a the pair of functors our a bifibration, using the model structure on marked simplicial sets) ; 

2.1.10 Localizations 

There is a theory of localizations for (oo, l)-categories. If (C, W) is an (oo, l)-category together with a class 
of morphisms W we can produce a new (oo, l)-category C[I4^~^] together with a map 6 C[W~1] with the 
universal property of sending the edges in W to equivalences. To construct this localization we can make use 
of the model structure on the marked simplicial sets of |62j-Chapter 3. Recall that every marked simplicial 
sets is cofibrant and the fibrant ones are precisely the pairs C" := (C, eq) with C a quasi-category and eq 
the collection of all equivalences in C. Therefore, C[VK^^] can be obtained as a fibrant-replacement of the 
pair (6, W). We recover the desired universal property from the fact that the marked structure is simplicial. 
Following the Construction 4.1.3.1 of [63], this procedure can be presented in more robust terms. It is possible 
to construct an (oo, l)-category WCatoo where the objects are the pairs (6, W) with C a quasi-category and 
W a class of morphisms in C. Moreover, the mapping 6 ^ provides a fully faithful functor 

Cat^ C WCatoo (11) 

and the upper localization procedure {G,W) C[W^^] provides a left-adjoint to this inclusion (see the 
Proposition 4.1.3.2 of [53]. 
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Let C be an (oo, l)-category and let Cq be a full subcategory of 6. We say that Cq is a reflexive localization 
of 6 if the fully faithful inclusion Co ^ C admits a left-adjoint L : C — > Cq. A reflexive localization is a 
particular instance of the notion in the previous item, with W the class of edges in 6 which are sent to 
equivalences through L (see the Proposition 5.2.7.12 of |63)): 

2.1.11 Presheaves 

If 6 is a small (oo, l)-category, we define the (oo, l)-category of oo-presheaves over 6 as J'(C) := Fun{C°P, §). 
It is not small anymore because S is not small. It comes naturally equipped with a fully faithful analogue of 
the classical Yoneda's map C — > J'(C), endowed with the following universal property: for any (oo, l)-category 
T> having all colimits indexed by small simplicial sets, the composition 



induces an equivalence of (oo, l)-categories, where the left-side denotes the full-subcategory of all colimit 
preserving functors (see Theorem 5.1.5.6 of [62]). 

2.1.12 K-filtered categories and K-compact objects 

Let At be a small cardinal. A simplicial set S is called K-filtered if there is an (oo, l)-category C together with 
a categorical equivalence C ^ S, such that for any K-small simplicial set K, any diagram K G admits a 
cocone K'^ -> 6 (see the Notation 1.2.8.4 of [62]). We use the terminology filtered when k — ut. Notice that 
a K < k' and C is K'-filtered then it is also K-filtered. 

It follows from 62, 4.2.3.11] that an (oo, l)-category C has all small colimits iff there exists a regular 
cardinal k such that C has all K-small colimits together with all K-filtered colimits. 

Let object X in a big (oo, l)-category C. We say that X is completely compact if the associated map 
Mape{X, — ) : 6 — > commutes with all small colimits. We say that X is K-compact (for k a small regular 
cardinal) if Mape{X, — ) commutes with colimits indexed by K-filtered simplicial sets. We denote by C the 
full subcategory of C spanned by the K-compact objects in C We use the terminology compact when k = oj. 
Notice that ii n < k' and X is K-compact it is also K'-compact. 

2.1.13 Ind-Completion 

Let 6 be a small (oo, l)-category and choose a regular cardinal k with k < card{V). Following the results 
of [62]- Section 5.3.5, it is possible to formally complete C with all small colimits indexed by small K-filtered 
simplicial sets. More precisely, we can construct a new (oo, l)-category /n(i„(C) (which is not small anymore), 
together with a canonical map 6 — >■ Ind^iG) having the following universal property: for any (oo, l)-category 
T> having all colimits indexed by a small K-filtered simplicial set, the composition 



induces an equivalence of (oo, l)-categories, where the left-side denotes the full-subcategory spanned by the 
functors commuting with colimits indexed by a K-filtered small simplicial set (see Theorem 5.3.5.10 of [52]). 
In the case k = ui we write Ind{G) := Indi^{G). 

2.1.14 Completion with colimits 

Following the ideas of [62]-Section 5.3.6, given an arbitrary (oo, l)-category C together with a collection % 
of arbitrary simplicial sets and a collection of diagrams 3? — {pi : Ki G} with each Ki £ 3C, we can form 
a new (oo, l)-category ^5^(6) together with a canonical map C -> J'^r (6) such that for any (oo, l)-category 
2), the composition map 



Fun^iViG), D) Fun{G, V) 



(12) 



Fun'^{Ind^{G),D) Fun{G,D) 



(13) 



12 



(14) 



is an equivalence of (cxd, l)-categories, where the left-side denotes the full subcategory of 3<!-coliniit preserving 
functors and the right-side denotes the full-subcategory of functors sending diagrams in the collection 31 to 
colimit diagrams in D. This allows us to formally adjoint colimits of a given type to a certain (oo, l)-category. 
We denote by Cat''^(3C) the (non-full) subcategory of Cat^^ spanned by the {oo, l)-categories which admit 
all the colimits of diagrams indexed by simplicial sets in 3C, together with the iK-colimit preserving functors. 
The intersection Cat'^^{'X) n Cat oo is denoted as Catoo(3C). In the particular case when % is the collection 
of K-small simplicial sets, we will use the notation Catooin). 

li 3C C %' are two collections of arbitrary simplicial sets and C is an arbitrary {oo, l)-category having 
all 3C-indexed colimits, we can let be the collection of all !X-colimit diagrams in 6. The result of the 
previous paragraph 7^{C) will in this particular case, be denoted as 7^ (C). By ignoring the set-theoretical 
aspects, the universal property defining (6) allows us to understand the formula 6 ^ Tjj^ (C) as an 
informal left-adjoint to the canonical (non-full) inclusion of the collection of (oo, l)-categories with all the 
3C'-indexed colimits together with the 3C'-colimit preserving functors between them, into the collection of 
(oo, l)-categories with all the iK-indexed colimits together with the iK-colimit preserving functors. 

By combining the universal properties, we find that if OC is the empty collection and %' is the collection 
of all small simplicial sets, CPi^ (C) is simply given by 7{C). In the case % is the empty collection and %' 
is the collection of all K-small filtered simplicial sets (for some small cardinal k), we obtain an equivalence 

(C) ~ Indi^{G). Another important example is when 3C is again the empty collection and 3C' is the collec- 
tion of K-small simplicial sets. In this case we have a canonical equivalence (6) ~ J'(C)''. Following the 
fact that an (oo, l)-category has all small colimits if and only it has K-small colimits and K-filtered colimits, 
we find a canonical equivalence between J'(C) and /n(i„(CP(C)''). 



2.1.15 Sifted Colimits and Geometric Realizations 

Following [62|, 5.5.8.1], a simplicial set K is said to be sifted if it is nonempty and if the diagonal map 
K ^ K X K is cofinal. The main examples are given by filtered simplicial sets and by the simplicial set 
N{A)°P - the opposite of the nerve of the category A (see [5H 5.5.8.4]). 

A simplicial object in an (oo, l)-category C is, by definition, a diagram N{A)°''' 6. We say that 6 
admits geometric realizations of simplicial objects if every simplicial object in C has a colimit. 

For a small (oo, l)-category G, we let 'J's{G) denote the formal completion of C under sifted colimits (as 
in the previous section). Thanks to [62l 5.5.8.14], if 6 has finite coproducts, the formal completion Te(C) is 
equivalent to the completion of Ind{G) under geometric realizations of simplicial objects. Moreover, by the 
Corollary [62j 5.5.8.17], if 6 has small colimits, a functor C — ?► 2) commutes with sifted colimits if and only 
if it commutes with filtered colimits and geometric realizations. 

2.1.16 Accessibility 

Sometimes an arbitrary (oo, l)-category C is not small but it is completely determined by small information. 
Let K be a small regular cardinal. We say that a bi^ (oo, l)-category C is n-accessible if there exists a small 
(oo, l)-category 6° together with an equivalence 



*We can also define the notion of accessibility for the small (oo, l)-categories. In this case, by the Corollary 5.4.3.6 of |62| . 
a small (oo, l)-category is accessible iff it is idempotent complete. 



ind^{e°) e 



(15) 
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By the Proposition 5.4.2.2 of [HI] a big {oo, l)-category is K-accessible if and only if it is locally small, 
admits small K-filtered colimits, is essentially small and generates C under small K-filtered colimits. In 
this case, by the Proposition 5.4.2.4 of loc.cit, C is the idempotent completion of 6°. 

We say that a big (oo, l)-category is accessible if it is K-accessible for some small regular cardinal k. 
Given two small cardinals k < k', a K-accessible (oo, l)-category is not necessarily K'-accessible. However, 
by the Proposition 5.4.2.11 of [62], this is the case if k' satisfies the following condition: for any cardinals 
T < K and TT < k', we have tt'^ < k'. 

An important example of accessibility comes from the theory of presheaves: if C is a small (oo, l)-category, 
7(6) is accessible (see Proposition 5.3.5.12 of 62 ). 

The natural morphisms between the accessible (oo, l)-categories are the functors / : C — > D which are 
again determined by the small data. More precisely, if C = /n(i„(C") and 2) = /n(i„(X''^) for the same cardinal 
K, a functor / is called K-accessible if it preserves small K-filtered colimits and sends K-compact objects in 
6 to K-conipact objects in D. The crucial result is that the information of the restriction /!„ : C — >■ T)'^ 
determines / in a essentially unique way (see Prop. 5.3.5.10 of 62 ). 

2.1.17 Idempotent Complete (oo, l)-categories 

Let C be a classical category and let X be an object in C. A morphism f : X X is said to be an idempotent 
f ° f = f- If want to extend this notion to the setting of higher category theory, we need to specify a 
2-cell a rendering the diagram 



commutative. Moreover, we should be able to glue together different copies of a to built up a 3-cell encoding 
the relation / o / o / ~ /. This continues for every positive n. In Section 4.4.5] the author introduces 
a simplicial set Idem suitable to encode all this kinds of coherences. It has a unique nondegenerate cell on 
each dimension n > 0. To give a diagram Idem — > C is equivalent to the data of an object X G 6, together 
with a morphism f : X ^ X and all the expected coherences that make / an idempotent. 

Recall now that an object Y € C is said to be a retract of an object X € C ii the identity of Y factors 
as a composition Y X Y. Every decomposition likes this provides a morphism f : X ^ Y ^ X 
which by J62l, 4.4.5.7], can be extended to a diagram Idem — >■ C. It follows that if d has a colimit in C, 
this colimit is canonically equivalent to Y |62[ 4.4.5.14]. Following this, C is said to be idempotent complete 
if every diagram d : Idem — C has a colimit. In this case, there is a bijective correspondence between re- 
tracts and idempotents. In particular, every functor C — >■ 2) between idempotent complete (oo, l)-categories 
preserves colimits indexed by the simplicial set Idem, because the functoriality will send retracts to retracts@ 

Remark 2.1. Since the simplicial set Idem is not finite, the fact that an (oo, l)-category C has all finite 
colimits does not imply that C is idempotent complete. However, even though Idem is not filtrant, if k is a 
regular cardinal and C admits small K-filtered colimits then C is idempotent complete |62j 4.4.5.16]. 

We denote by Caf^"^ the full subcategory of Catoo spanned by the small (oo, l)-categories which are 
idempotent. By the Proposition 5.1.4.2 of [55] every (oo, l)-category C admits an idempotent completion 
Idem{G) given by the full subcategory of J'(C) spanned by the completely compact objects (which by the 
Prop. 5.1.6.8 of [62] are exactly the retracts of objects in the image of the Yoneda embedding). The formula 
C n> Idem{C) provides a left-adjoint to the full inclusion 

®We can rewrite this definition in more simpler terms. Since J'(C) has all colimits, we can easily see that an (oo, l)-category 
C is idempotent complete if and only if the image of the Yoneda embedding C — > 7(6) is stable under retracts. 



X 



(16) 




X 



X 
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Caf^'"' C Cat^ (17) 

Following the discussion in 12.1.141 we can also identify Caf^"^ with Catoa{^) where % = {Idem}. 
Moreover, we have a canonical equivalence of functors ) ~ Idem{—). By the Lemma 5.4.2.4 of 

[62] . Idem{C) can also be identified with Indf^{G)'^, the full subcategory of K-compact objects in Indi^{G), 
for any small regular cardinal n. 

Let now 6 be a small (oo, l)-category and let C — > C be an idempotent completion of 6. Then, by 
the Lemma 5.5.1.3 of |62j, for any regular cardinal k, the induced morphism Indii{C) —> Indi^{Q') is an 
equivalence of (oo, l)-categories. Thus, if C is a K-accessible (oo, l)-category, with 6 ~ /^.^^(Co) for some 
small (oo, l)-category Co and some regular cardinal k, then, since Co Indf^{Go)'^ ~ C is an idempotent 
completion of C, the canonical morphism Indi^{G^) — >■ C is an equivalence. The converse is immediate by 
definition. 

2.1.18 Presentable (oo, l)-categories 

We say that an (oo, l)-category C is presentable if it is accessible and admits all colimits indexed by small 
simplicial sets. Again, we have a good criterium to understand if an (oo, l)-category C is presentable. By 
the Theorem 5.5.1.1 of [62]), the following are equivalent: (i) C is presentable; (ii) there exists a small 
(oo, l)-category 2) such that C is an accessible reflexive localization of C is locally small, admits 

small colimits and there exists a small regular cardinal n and a small S set of K-compact objects in C such 
that every object of C is a colimit of a small diagram with values in the full subcategory of C spanned by S. 

The natural morphisms between the presentable (oo, l)-categories are the colimit preserving functors. We 
let CPr^ (resp. Tr^) denote the (non full!) subcategory of Cat^^ spanned by presentable (oo, l)-categories 
together with colimit (resp. limit) preserving functors. As Cat^ , Tr^ is only a W-small (oo, l)-category. By 
the Adjoint Functor Theorem (see Corollary 5.5.2.9 of [62') a functor between presentable (oo, l)-categories 
commutes with colimits (resp. limits) if and only if it admits a right (resp. left) adjoint and therefore we 
have a canonical equivalence CPr^ ~ {'J'r^)°P. By the Propositions 5.5.3.13 and 5.5.3.18 of 62 we know that 
both CPr^ and CPr^ admit all small limits and the inclusions Tr^, CPr^ C Cat^^ preserve them. In particular, 
colimits in Tr^ are computed as limits in Tr^ using the natural equivalence Vr^ ~ (Tr^)°. 



2.1.19 K-compactly generated (oo, l)-categories 

Although each presentable (oo, l)-category is determined by small information, not all the information in 
the study of Tr^ is determined by small data. This is mainly because the morphisms in Tr^ are all kinds of 
colimit preserving functors without necessarily a compatibility condition with the small information. Again, 
as in the accessible setting, if we want to isolate what is determined by small information, we consider 
for each small regular cardinal k, the (non-full!) subcategory CPr^ C Tr^ spanned by the presentable k- 
accessible (oo, l)-categories together with the colimit preserving functors that preserve K-compact objects. 
By definition, we will say that an (oo, l)-category is K-compactly generated if it is an object of yr^. The 
idea that K-compactly generated (oo, l)-categories are determined by smaller information can now be made 
precise: by the Propositions 5.5.7.8, 5.5.7.10], the correspondence C i— ;> C sending a K-compactly 
generated (oo, l)-category to the full subcategory C C C spanned by the K-compact objects, determines a 
fully faithful map of (oo, l)-categories — > Cat'^{K) whose image is the full subcategory Catac{K)"^'^"^ 
of Cat^^^n) spanned by those big (oo, l)-categories C with all K-small colimits, which are essentially small 
and idempotent complete. Following the discussion in l2. 1.171 CatooiKy^^"^ can be identified with Cata:,{X) 
with X the collection of all K-small simplicial sets together with the simplicial set Idem. The construction 

^'^The reflexive localization G C J'(D) is accessible if G is accessible for some cardinal. Using the universal property of the 
ind-completion (see the Proposition 5.5.1.2 in 1621 ) this is equivalent to ask for the composition !P(D) — > G C CP(I)) to be 
K-accessible for some small regular cardinal k 
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Ind^ : Catooi^) J'^'k provides an inverse to this map. 0. Moreover, and following the discussion in l2.1[ 
in case k > ui we can drop the idempotent considerations because the full inclusion CatooiKY'^'^"^ C Catooin) 
is an equivalence. 

We will be particularly interested in CPr^, the study of the presentable (oo, l)-categories of the form 
Ind(Go) with Co having all finite colimits. These are called compactly generated. 

2.1.20 Localizations of Presentable (cxd, l)-categories 

The theory of presentable (oo, l)-categories admits a very friendly internal theory of localizations. By the 
Proposition 5.5.4.15 of [62 , if 6 is a presentable {oo, l)-category and W is strongly satured class of morphisms 
in 6 generated by a set S (as in [62, 5.5.4.5]), then the localization C[VF~^] is again a presentable (oo, 1)- 
category equivalent to the full subcategory of C spanned by the S'-local objects and the localization map is 
a left-adjoint to this inclusion; 

2.1.21 Postnikov Towers 

Recall that a space X G § is said to be n-truncated if the homotopy groups tt^ {X, x) are all trivial for 
i > n. It is said to be n-connective if all the homotopy groups 7ri(X, x) are trivial for i < n. If C is an 
(oo, l)-category we say that an object X S C is n-truncated if for every object y in 6 the mapping spaces 
Mape{Y, X) are n-truncated. This notion agrees with the previous definition when C = S. Let t<„C denote 
the full subcategory of C spanned by the n-truncated objects. A morphism / : X — > Jf' in C is said to 
exhibit X' as an n-truncation of X if for every n-truncated object y in 6 the composition with / induces 
an homotopy equivalence Mape{Y, X) ~ MapQ{Y, X'). By definition a Postnikov tower in C is a diagram 
X : (7V(Z>o)°^')^ — >■ 6 such that for every n < m the map X^, -> X„ exhibits Xn as an n-truncation 
of X^,. In particular, this implies that X„ Xm exhibits Xm as a m-truncation of X„. We say that 
Postnikov towers converge in 6 if the forgetful map Fun((7V(Z>o)°'')'^, C) — > Fun{N{Z>o),C) induces an 
equivalence when restrict to the full subcategory spanned by the Postnikov towers. In particular, if C admits 
all limits, Postnikov towers converge in C if and only if every Postnikov tower is a limit diagram [62| 5.5.6.26]. 

If C is presentable, the inclusions r<„C C C admits a left-adjoint for every n > 0. This follows from the 
Adjoint functor theorem together with the fact that this inclusion commutes with all limits [SH 5.5.6.5]. In 
this case, we can find a sequence of functors 

... ^r<2e^r<ie^T<oe (is) 

and Postnikov towers converge in C if and only if 6 is the limit of this sequence f5?, 3.3.3.1]. 

2.1.22 Stable (oo, l)-categories 

We now discuss another important topic. In the classical setting, the notion of triangulated category seems 
to be of fundamental importance. Stable oo-categories are the proper providers of triangulated structures 
- for any stable oo-category C the homotopy category h{C) carries a natural triangulated structure, where 
the exact triangles rise from the fiber sequences and the shift functor is given by the suspension (see [531 
1.1.2.14]). Most of the triangulated categories are of this form. Grosso modo, a stable oo-category is an 
oo-category with a zero object, finite limits and colimits, satisfying the stronger condition that every pushout 
square is a pullback square and vice-versa (see Definition 1.1.1.9 and Prop. 1.1.3.4 [53]). In particular this 
implies that finite sums are equivalent to finite products (631, 1.1.2.9]. If 6 is a pointed (oo, l)-category with 
finite colimits, one equivalent way to formulate the notion of stability is to ask for the suspension functor 
X t-^ S(A') := * and its adjoint Y M> il{Y) * Xx * to form an equivalence 6 — C (see [55]-Cor. 

1.4.2.27). It is important to remark that stability is a property rather than an additional structure. The 
canonical example of a stable (oo, l)-category is the (oo, l)-category of spectra Sp which can be defined 

^^See also the Proposition [631 6.3.7.9] for a direct proof of this result 
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as the underlying {oo, l)-category encoding the homotopy theory of oo-loop spaces. It admits many other 
equivalent definitions (see (63)-Section 1.4.3). The appropriate maps between stable oo-categories are the 
functors commuting with finite limits (or equivalently, with finite colimits - see Prop. 1.1.4.1 of [63 ). The 
collection of small stable oo-categories together with these functors (so called exact) can be organized in 
a new oo-category Cat^ . Thanks to [63l 1.1.4.4] Cat^ has all small limits and the inclusion in Cat oo 
preserves them. Moreover, ii K is a. simplicial set and C is stable then Fun{K, C) remains stable j63l 1.1.3.1]. 

Another important fact is that any stable (oo, l)-category C comes with a natural enrichment over spectra. 
More precisely the mapping spaces Maps{X,Y) have a natural structure of an oo-loop space. To see this 
we can use the fact the suspension and loop functors in C are equivalences, so that we can find a new object 
X' with X ~ S(X') so that Mape{X,Y) ~ Mape(S(X'), i^) ^ nMape{X,Y). Another way to make this 
precise is to use a universal property of Sp (see Prop. 1.4.2.22 of [B3:) which tells us that the co-representable 
functors Mape{X, — ) : 6 — > S admit a canonical exact factorization through : — > S. 




Sp 



We can identify the mapping spectrum subjacent to MapQ{X, Y) with the family {AIapQ{X, E"y)}„gz- 
Since is an equivalence, it is equivalent to the family {Mape(57"A', The Ext groups i?xtg(X, F) 

are defined as 7ro(Mape(ri"A", Y)). If i < these groups correspond to the homotopy groups of the mapping 
space Mape{X,Y). 



We can isolate the full subcategory Vr^^i^ of Vr^ spanned by those presentable (oo, l)-categories which 
are stable (every morphism of presentable (oo, l)-categories is exact). Again by [BSj 1.1.4.4] and the results 
in the presentable setting, Vr^^f^ has all small limits and the inclusion Tr^jj, C yr^ preserves them. The 
following is an adapted version of the Proposition [63, 1.4.4.2] that provides a very helpful characterization 
of presentable stable (oo, l)-categories: 

Proposition 2.2. (\63l 1.4-4-2]) Let C be a stable (oo. l)-category. Then, C is presentable if and only if the 
following conditions are satisfied: 

(i) 6 has arbitrary small covroducts F^." 

(ii) the triangulated category h{G) is locally small; 

(Hi) there exists a regular cardinal k and a K-compact object X of G which generates 6 in the following 
sense: if for an object Y in C, the groups Ext]o{X, Y) are zero for all i ^1, then Y is a zero object of 

e. 

Moreover, if C admits a K-compact generator in the sense of (Hi) then it is n-compactly generated in the 
sense of \2.1.19\ 

Proof. We recall here the main steps of the proof with a special emphasis in the arguments concerning the 
cardinal k. For the "only if part, by definition, there is a small (oo, l)-category D and a regular cardinal 
T, together with an equivalence C ~ /nc?T-(D). The formal completion of D with r-small colimits is given by 
CD — > D' = CP(D)'^. Passing to the ind-completions we obtain a map 



Indd'O) ^ Ind^{y{'DY) ~ ym (20) 



Since C is stable this is equivalent to ask for all small colimits 
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commuting with r-filtered colimits. From the proof of |62[ 5.5.1.1] we know that this map has a left-adjoint 
that estabhshes C is r-accessible reflexive localization of 7{D). The items (i) and (ii) follow immediately 
from this. Moreover, the composition functor 



(21) 



preserves r-filtered colimits. To prove (iii) we consider X as the infinite coproduct of all the objects in 
C laying in the image of 2) via the composition of the localization functor with the Yoneda's embedding 



The fact that it is a generator is immediate from the Yoneda's lemma. We only need to show that X is 
K-compact for some cardinal k. To see this we use the fact that the composition ((2T|) is r-accessible. Then, 
since 2) is essentially small, we can choose k as a cardinal larger than the cardinal of D and r. Finally, we 
conclude the result using the fact that for any cardinal a, a-filtered colimits commute with limits indexed 
by cardinals lower than a. In particular, if 6 is K-compactly generated in the sense of 12.1.19] and D can be 
found K-small, then X can be found compact with respect to the same cardinal k. 

For the "if part, we consider the full subcategory of 6 spanned by X and its suspensions and loopings. 
Inductively, we consider the successive closures under K-small colimits. As a result we find a full subcategory 
C(k) of C closed under K-small colimits, suspensions and loopings. Since X is K-compact and the suspensions 
of K-compact objects are again K-compact[^ and the K-compact objects are closed under K-small colimits, we 
find that C(k) is made of K-compact objects and closed under K-small colimits. It follows that the inclusion 
C(k) C C extends to an exact functor F : Ind^{<Z{K)) C that commutes with K-filtrant colimits. Since 
IndK{C{K,)) has all K-small colimits and all K-filtrant colimits, it has all colimits and F commutes with all 
colimits. Moreover, it is fuUy-faitiful. Therefore, it has an exact right-adjoint G satisfying G o F ~ Id. 
We are reduce to show that for every F G C, the adjunction map F o G{Y) F is an equivalence. For 
that, we consider its cofiber Z . Since F is fully-faithful, we have G{Z) ~ * and by adjunction we find that 
for every object D G Ind^{&{K)) we have have Map{F{D),Z) ~ Map{D,G{Z)) ~ *. In particular, the 
formula holds for any D — il^X G C(/v),n G Z and since by hypothesis X is a generator, we find that Z is 
a zero object so that the counit map is an equivalence. In particular, C is a stable K-compactly generated 
(oo, l)-category. □ 

Remark 2.3. In [63 , the author provides a proof of this proposition using a stronger version of our third 
condition, namely, the object X is required to be such that for any F G C, if TrQ{Map{X,Y)) — then Y 
is a zero object. Of course, if X verifies this condition, then it verifies our condition (iii). However, the 
converse is not necessarily true for the same X and the same cardinal. If X is a K-generator in our sense, 
then the infinite coproduct Unez is a generator in the sense of [Ml 1.4.4.2] but a priori it will only be 
K'-compact for some cardinal k' > k. 

Our version is needed to match the familiar results coming from the classical theory of compact generators 
in triangulated categories. Following Neeman [S5], we recall that an object X in a triangulated category T 
is said to be compact if it commutes with infinite coproducts. Moreover, a collection of objects £ in T is said 
to generate T if its right-orthogonal complement £^ := {A G Oh{T) : HomT{E[n],A) = 0,Vn G Z,Vi? G £} 
consists only of zero objects in T. Finally, an object X is said to be a compact generator if it is compact 
and the set £ — {X} generates T. 

Let now C be a stable (oo, l)-category and X an object in 6. It follows that X is a compact generator of 
/i(C) in the sense of Neeman if and only it satisfies the condition {iii) for k, — lj. Indeed, the two notions of 
generator agree by definition. Therefore, it is enough to see that X is compact in the triangulated category 

-'^^If / is a K-filtered simplicial set and d : / — > C is a diagram, we have Map{T,X, colimjdi) ~ Map{X, Q,{colimi^d)) and since 
C is stable (which implies that £7 is an equivalence and therefore commutes with colimits) and X is K-compact, wo find that the 
last space is homotopy equivalent to Map{X,colimi{Q{di)) ~ colimi Map{X,Q{di)) ~ colimi Map{T,X, di) 



J : D ^ T(a)) 



X :=]l md)) 



(22) 
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h{G) if and only it is w-compact in 6. This follows from 1.4.4.1-(3)] and from the fact that coproducts 
in 6 are the same as coproducts in h{G): if {Xi}i^i is a collection of objects in 6, its coproduct Xi in 6 
is a coproduct in /i(C) because the functor ttq commutes with homotopy products; conversely, if Xi is a 
coprod in 6, by definition, this means that iroMapedJi ^i, Z) ~ (BiTToMape(Xi, Z) holds for any Z G h{C). 
In particular, this holds for all the loopings f2"Z so that the formula holds for all 7r„ and Xi is a coproduct 

in e. 

This characterization allows us to detect the property of a stable (oo, l)-category being compactly gener- 
ated simply by studying its homotopy category. The following example is crucial to algebraic geometry and 
will play a fundamental role in the last part of our paper: 

Example 2.4. Let X be a quasi-compact and separated scheme. Its underlying {oo, l)-category D(X) (see 
below) is stable and its homotopy category h{D{X)) recovers the classical derived category of X. As proved 
in the Corollary 5.5 of [M], when X is quasi-compact and separated, h{'D{X)) is equivalent to the derived 
category of Ox-modules with quasi-coherent cohomology sheaves. Together with the Theorem 3.1.1 of |18) . 
this tells us that T>{X) has a compact generator in the sense of Neeman and that the compact objects are the 
perfect complexes. Thus, by the previous discussion, is a stable compactly generated (oo, l)-category. 

We will write CPr^ ^jf, to denote the full subcategory of Tr^ spanned by the stable (oo, l)-categories 
that are compactly generated, together with the compact preserving morphisms. The equivalence IPr^f; — >■ 
C at (coy of l2.1.19l restricts to an equivalence Tr^ Cat^''"'-''™ where the last denotes the (non full) 

subcategory of Caf^"^ spanned by the small stable oo-categories which are idempotent complete, together 
with the exact functors. This follows from the fact that the idempotent completion of a stable (oo, l)-category 
remains stable [531 1-1-3.7], together with the observation that stable (oo, l)-categories have all finite colimits 
and that exact functors preserve them. 

In jT3] the authors identify the subject of Topological Morita theory with the study of the (oo, l)-category 
Trl^ stb- ^ill come back to this in 16.21 

2.1.23 Localizations of Stable (oo, l)-categories and Exact Sequences 

Our goal in this section is to prove the Proposition 12.71 below. Let us start by reviewing some standard 
terminology for triangulated categories. Let C be triangulated category and let A be a triangulated sub- 
category. We say that A is thick in C (also said epaisse), if it is closed under direct summands. Moreover 
generally, we say that a triangulated functor A ^ C is cofinal if the image of A is thick in C. Recall also 
that a sequence of triangulated categories A C D is said to be exact if the composition is zero, the first 
map is fully-faithful and the inclusion from the Verdier quotient C/A ^ D is cofinal, meaning that every 
object in £) is a direct summand of an object in B/A. 

Following [13], we say that a sequence in Trgti, 

A^e^V (23) 
is exact if the composition is zero, the first map is fully-faithful and the diagram 



(24) 



is a pushout. Here we denote by * the final object in yr^^f^. As proved in [T31 Prop. 4.5, Prop. 4.6], 
this notion of exact sequence can be reformulated using the language of localizations: ii (p : A ^ G is a. 
fully-faithful functor, the cofiber of (p can be identified with the accessible reflexive localization 
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DC — ^ e 



(25) 



with local equivalences given by the class of edges / in 6 with cofiber in the essential image of (p. In particular, 
an object a; S C is in 2) if and only if for every object a £ A we have Mape{a, x) ~ *. 

Remark 2.5. Let A ^ G ^ T) he an exact sequence of presentable stable (oo, l)-categories as above. If 
the homotopy category h(A) has a compact generator in the sense of Neeman, say k d A, then for an object 
a; e C to be in 2) it is enough to have Alapeik, a) ~ *. This follows from the arguments in the proof of tne 
Proposition 12.21 every object in A can be obtained as a colimit of suspensions of k. 

Thanks to [131 Prop. 4.8] and to the arguments in the proof of [131 Prop. 4.12], this notion of exact 
sequence extends the notion given by Verdier in [SS] : a sequence A ^ G ^ D in Tr^ is exact if and only if 
the sequence of triangulated functors h{A) ^ /i(C) — J> h{'D) is exact sequence in the classical sense and the 
inclusion h{C)/h{A) ^ h'{'I)) is an equivalence of triangulated categories. In the compactly generated case 
we have the following 

Proposition 2.6. Let A ^ G ^ T) be a sequence in CPr^ 5.4^. The following are equivalent: 

1. the sequence is exact; 

2. the induced sequence of triangulated functors h{A) t- h(C) —> h(T)) is exact in the classical sense and 
the inclusion h{G)/h{A) ^ h{D) is an equivalence; 

3. the sequence of triangulated functors induced between the homotopy categories of the associated stable 
subcategories of compact objects h{A'^) ^ /i(C") — )■ h{'D'^) is exact in the classical sense. 

Proof. The equivalence between 1) and 2) follows from the results of [T^ discussed above. The equivalence 
between 2) and 3) follows from the results of B.Keller j^S] Section 4.12, Corollary] and the fact that for any 
compactly generated stable (00, l)-category C we can identify /i(C") with the full subcategory of compact 
objects (in the sense of Neeman) in h{G) fsee l2.3p . 

□ 

The following result will become important in the last section of our work: 
Proposition 2.7. Let u = 



T (26) 

/ 

be a pullback diagram in Vr^ such that 

• The homotopy triangulated category h{T>) has a compact generator in the sense of Neeman; 

• The map i : C — ^ Co is an accessible reflexive localization of C obtained by killing a stable subcategory 

C C such that h{A) has a compact generator in the sense of Neeman; 

Then: 

1. the diagram a remains a pullback after the (non-full) inclusion J"?"^ — -P^stb; 

2. the homotopy category h{7) has a compact generator in the sense of Neeman. 
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Proof. We start by noticing that "^r^ gn, ^ '^'''jstb preserves colimits (see 5.5.7.6, 5.5.7.7]). Therefore, 
the map L : Q ^ remains a Bousfield focahzation in the sense discussed above. We recah also that all 
pullbacks exists in ^Pr^J^^ and thanks to ^63i 1.1.4.4] and to 5.5.3.13] they can be computed in Cat^ . In 
this case, let 

V -^-^ D (27) 

1 f 

e—^Go 

be a puUback for the diagram given by (/, L) in CPr^. Of course, we can assume that / is a categorical fi- 
bration and nothing will change up to categorical equivalence (see our discussion about homotopy pullbacks 
in l4.2p . With this, we can actually describe V as the strict puUback D Xg^ 6. 

To achieve the proof we are reduced to show that V is w-accessible. Indeed, if this is the case, it follows 
from the universal property of the puUback in "Pr^ g^j, and in Tr^^^ that V is canonically equivalent to T. To 
prove that V is w-accessible we can make use of the Proposition 12.21 it suffices to show that the homotopy 
category of V has a compact generator in the sense of Neeman. We can construct one using exactly the same 
arguments of [90[ Prop. 3.9], itself inspired in the arguments of the famous theorem of Bondal - Van den 
Bergh [IH Thm 3.1.1]: 

Let c? be a compact generator in D, which exists as part of our assumptions. As / and L are functors 
in yrj^ sii,, they preserve compact objects and therefore f{d) is compact. As L is a Bousfield localization 
of compactly generated stable (oo, l)-categories we can use the famous result of Neeman-Thomason [67l 
Theorem 2.1] to deduce the existence of a compact object c G C whose image in Co is f{d) ® (/(d) [1]). The 
new object d' = d(B {d[l]) is again a compact generator in /i(D) and since / preserves cohmits we conclude 
the existence of an object v €V such that p{v) = d' and q{v) — c. The Lemma 5.4.5.7 of ^62] implies that v 
is a compact object in V. 

At the same time, we use our second assumption that A has a compact generator k. Since k is in A, 
L{k) is a zero object in Co- Therefore, it lifts to an object fc G V with q{k) — k and p(k) = E D. By the 
same argument as before, k is a compact object in V. 

We claim that the sum v (£> k is a compact generator of V. Obviously, as a finite sum of compacts, it is 
compact. We are left to check that it is a generator of h{V). In other words, we have to prove that for an 
arbitrary object z in V, if z is right-orthogonal to the sum v (B k in h{V), then it is a zero object. Notice 
that z is right-orthogonal to the sum if and only if it is right-orthogonal to v and k at the same time. The 
mapping space in the puUback is given by the formula 

Mapv(k,z) ~ Mape{k,q{z)) XMapeo{Hk),L{q(z))) Map-o{p{k),p{z)) (28) 
- Mape{k,q{z)) x Mape„{o,L(q(z))) MapTi{0,p(z)) (29) 
~ Mape{k,q{z)) X* * ~ Mape{k,q{z)) (30) 

In particular, z is right-orthogonal to fc G h{V) if and only if q(z) is right-orthogonal to k in 6. Since k is 
a compact generator of h{A) (by assumption), it follows from the Remark 12.51 that q{z) is right-orthogonal 
to k if and only if q(z) is L-local, meaning that it is in Co and we have i o L{q(z)) ~ q^z), where i is the fully 
faithfuU right adjoint of L. Let us assume that z is right-orthogonal to fc. Then, this discussion implies that 

Mapv{v,z) ~ Mape{c,q{z)) y~ MapeaU(d'),f(q(z)) Map's {d',p{z)) (31) 
and using the fact that q(z) ~ i o L{q{z)), it becomes 
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~ Mape{L{c),L{q{z)) x Mapeoifid')Jiq(z)) M apD {d' , p{z)) ~ MapD{d',p{z)) (32) 



We conclude that if z is orthogonal to k and p at the same time, then p{z) is orthogonal to d'. However, 
by construction, d' again a compact generator of h(T)) so that p(z) is zero in D. Since we have q{z) ~ 
i o L{q{z)) ~ i o / op[z), this implies that q{z) is also zero in 6. Using the Lemma 5.4.5.5 of we find 
that 2; is a zero object in CD. This concludes the proof. 

□ 

2.1.24 i-structures 

t-structures are an important tool in the study of triangulated categories. Following Section 1.2.1] they 
extend in a natural way to the setting of stable (oo, l)-categories: A ^-structure in a stable (oo, l)-category 
C is the data of a <-structure in the homotopy category h{C). Given a i-structure (/i(C)<o, /i(C)>o) in 
we denote by C<o (resp. C>o) the full subcategory of C spanned by the objects in ft,(C)<o (resp. /i(C)>o). 
Moreover, we will write C<„ (resp. C>„) to denote the image of C<o (resp. C>o) under the functor S" (resp. 
fi" if n is negative). Recall also that an object X € G is said to be connective with respect to the t-structure 
if it belongs to C>o. 

It follows from the axioms for a i-structurc that for every 7i G Z the inclusion C<„ C C admits a left- 
adjoint T<n |63[ 1.2.1.5] and the inclusion C>„ C C admits a right adjoint t>„ and these two adjoints are 
related by the existence of a cofiber/fiber sequence 

T>„(X) ^X (33) 

* ^ T<n-l{X) 

Moreover, for every m,n ^ "Z they are related by a natural equivalence 

(34) 

(see [Ml 1.2.1.10]). 

Remark 2.8. The two notations t<„ : C t<„C (after the 24th item in this list) and r<„ : 6 C<„ are 
not compatible. However, they are compatible with restricted to C>o and we have t<„(C>o) ~ C>o fl C<„ 
(See [53 1.2.1.9]). 

By definition, the heart of the t-structure is the full subcategory spanned by the objects in the intere- 
section C<o n C>o. It follows from the axioms that is equivalent to the nerve of h{C'^). Given an object 
X £ C we denote by ]HI„(X) the object of C'' obtained by shifting the object T<„r>„(X) G £<„ fl C>„. 

Remark 2.9. The cofiber/fiber sequence (|33)) implies that if X is already in C<„ (which means that 
X ~ T<„(X)) we a have pushout diagram 

S"H„(X) = T>„r<„(X) ^ X (35) 



* ^ T<n-l{X) 
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The data of a i-structure in stable (oo, l)-category C is completely caracterized by the data of the reflex- 
ive localization C<i C C j63[ 1.2.1.16]. Following this, if C is an accessible (cxo, l)-category we say that the 
t-structure is accessible if this localization is accessible. Moreover, we say that the ^-structure is compatible 
with filtered colimits if the inclusion C<o C 6 also commutes with filtered colimits. 

If C and C are stable (oo, l)-categories carrying t-structures, we say that a functor / : 6 ^ C is right 
t-exact if it is exact and carries C<o to (C')<o. Respectively, we say that / is left t-exact if it is exact and 
carries C>o to (C')>o. 

To conclude this section we recall the notions of left and right completeness. A t-structure in C is said 
to be left-complete if the canonical map from C to the homotopy limit C := limnC<n of the diagram 

... — - e<2 e<i e<o ... (36) 

is an equivalence. A dual definition gives the notion of right-completeness. In general this limit is again a 
stable (oo, l)-category and its objects can be identify with families X = {A^ijigz such that Xj G G<i and 
T<„Xi ~ Xn for every n < i. It admits a natural i-structure where X is in the positive subcategory if each 
Xj is in C>o. This t-structure makes the canonical map 6 — !■ ^im„C<„ both left and right t-exact. Moreover, 
the restriction C<o (C)<o is an equivalence [531 1-2.1.17]. In general the difference between C and C lays 
exactly in the connective part. This difference disappears if the i-structure is left-complete: the restriction 
C>o C>o — ^*'7i„(C<„ n C>o) is an equivalence. Thanks to the Proposition 1.2.1.19 in a t-structure 
is known to be left-complete if and only if the subcategory n„C>„ C 6 consists only of zero objects. 

Remark 2.10. If C is a stable (oo, l)-category with a left-complete ^-structure then Postnikov towers 
converge in C>o. This follows from the definition of left-completeness and from the Remark 12.81 

Again a classical example of a stable (oo, l)-category with a ^-structure is the (oo, l)-category of spectra 
Sp [531 1-4.3.4, 1.4.3.5, 1.4.3.6] where Sp^Q is the full subcategory spanned by the spectrum objects X such 
that 7r„(X) = 0,Vn < 0. It is both right and left complete and its heart is equivalent to the nerve of the 
category of abelian groups. 



2.1.25 Homological Algebra 

The subject of homological algebra can be properly formulated using the language of stable (oo, l)-categories. 
If A is a Grothendieck fc-abelian category, we can obtain the classical unbounded derived category of A has 
the homotopy category of an (oo, l)-category T){A). By the main result of 42^ the category of unbonded chain 
complexes C'h(A) admits a model structure for which the weak-equivalences are the quasi- isomorphisms of 
complexes and the cofibrations are the monomorphisms (this is usually called the injective model structure). 
We define T>{A) as (oo, l)-category underlying this model structure (see Section [2.21 below). It is stable 
[531 Prop. 1.3.5.9] and the pair of full subcategories (D(A)<o, 2)(A)>o) respectively spanned by the objects 
whose homology groups vanish in positive degree (resp. negative), determines a right-complete i-structure 
[531 1.3.5.21]. This i-structure is not left-complete in general. 

If A is a scheme, we know from [39] that A = Qcoh{X) is Grothendieck abelian. The (oo, l)-category of 
the Example 1231 is D{A). 

In ^31 Section 1.3] the author describes several alternative approaches to access this (oo, l)-category and 
its subcategory spanned by the right-bounded complexes. We will not review these results here. 
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2.2 From Model Categories to (oo, l)-categories 



2.2.1 Model categories and c>o-categories 

Model categories were invented (see [71] ) as axiomatic structures suitable to perform the classical notions of 
homotopy theory. They have been extensively used and developed (see [HI [30] for an introduction) and still 
form the canonical way to introduce/present homotopical studies. A typical example is the homotopy theory 
of schemes which provides the motivation for this paper. The primitive ultimate object associated to a model 
category M is its homotopy category /i(M) which can be obtained as a localization of M with respect to the 
class W of weak-equivalences. This localization should be taken in the world of categories. The problems 
start when we understand that ft,(M) lacks some of the interesting homotopical information contained in 
M up to such a point that it is possible to have two model categories which are not equivalent but their 
homotopy categories are equivalent (see [23]). This tells us that h{M.) is not an ultimate invariant and that 
in order to do homotopy theory we should not abandon the setting of model categories. But this brings 
some troubles. To start with, the theory of model categories is not "closed" meaning that, in general, the 
collection of morphisms between two model categories does not provide a new model category. Moreover, the 
theory is not suitable adapted to the consideration of general homotopy theories with monoidal structures, 
their associated theories of homotopy algebra-objects and modules over them. 

The quest to solve these problems is one of the possible motivations for the subject of (oo, l)-categories. 
Every model category should have an associated (oo, l)-category which should work as an ultimate container 
for the homotopical information in M. In particular, the information about the homotopy category. The 
original motivation for the subject had its origins in the famous manuscript of A. Grothendieck |38j . In the 
last few years there were amazing developments and the reader has now available many good references for 
the different directions [TT[ [8T| [62l [4[ [72] . 

Back to our discussion, the key idea is that every model category M hides an (oo, l)-category and this (oo, 1)- 
category encodes all the '"homotopical information"' contained in M. The key idea dates to the works of 
Dwyer-Kan [SO] [29^ who found out that by performing the " 'simplicial localization of M" ' - meaning a 
localization in the world of simplicial categories - instead of the usual localization in the setting of ordinary 
categories, the resulting object would contain all the interesting homotopical information and, in particular, 
the classical homotopy category of M appearing in the "ground" level of this localization. The meaning 
of the preceding technique became clear once it was understood that simplicial categories are simply one 
amongst many other possible models for the theory of (oo, l)-categories. Another possible model is provided 
by the theory of Joyal's quasi-categories, which was extensively developed in the recent years [62]. The 
method to assign an (oo, l)-category to a model category M reproduces the original idea of Dwyer and Kan 
- Start from M, see M as a trivial (oo, l)-category and perform the localization of M with respect to the 
weak-equivalences - not in the world of usual categories - but in the world of (oo, l)-categories. The resulting 
object will be refer to as the underlying oo-category of the model category M. For a more detailed exposition 
on this subject we redirect the reader to the exposition in [94] . 

For our purposes we need to understand that the nerve functor N : Cat — >■ A provides the way to see a 
category as a trivial quasi-category. By definition, if M is model category with a class of weak-equivalences 
W, the underlying (oo, l)-category of M is the localization A^(M)[VF~^] obtained in the setting of (oo, 1)- 
categories using the process described in l2.1.10] Moreover, the universal property of this new object implies 
that its associated homotopy category h{N{'M)[W~^]) recovers the classical localization. In particular, 
N{M.)[W^^] and A''(M) have essentially the same objects. The main technical result which was originally 
discovered by Dwyer and Kan is 

Proposition 2.11. (JMl-Prop. 1.3.120 ) 



Let "M be a simplicial model category^. Then there exists an equivalence of {oo,l)- categories between the 
underlying oo-category o/M and the (oo, 1)- category N/^(M°) where is the simplicial nerve construction 
(see Def. 1.1.5.5 of \62j) and M° denotes the full simplicial subcategory ofM. of cofibrant-fibrant objects. In 
other words we have an isomorphism 

Assume the existence of functorial factorizations 
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(37) 



in the homotopy category of simplicial sets with the Joyal model structure 144^ - 

This statement provides an oo-generalization of the fundamental result by Quillen (see |71) ) telling us 
that the localization iJo(M) is equivalent to the naive homotopy theory of cofibrant-fibrant objects. By 
combining this result with the Theorem 4.2.4.1 of [62], we find a dictionary between the classical notions 
of homotopy limits and colimit in M (with M simplicial) and limits and colimits in the underlying {oo, 1)- 
category of M. 



2.2.2 Combinatorial Model Categories 

The theory of combinatorial model categories and that of presentable (oo, l)-categories are equivalent. Mor- 
ever, this equivalence is compatible with Bousfield localizations: 

Proposition 2.12. (JU^- Propositions A 3.7.4 and A. 3.7. 6) Let Q he a big {oo, I) -category. Then, 6 is 
presentable if and only if there exists a big V- combinatorial simplicial model category M such that C is the 
underlying {oo,l) -category ofJVi. Moreover, if JA is left-proper, Bousfield localizations o/ M correspond 
bijectively to accessible reflexive localizations of C (see our Notations). 

F ^ 

This has many important consequences. To start with, if M , ^ is a Quillen adjunction between 

G 

combinatorial model categories then it induces an adjunction between the underlying (oo, l)-categories. To 
see this, remember from our preliminairs that the localization N{M.)[W~^] can be obtained as a fibrant- 
replacement for the pair {N{M.),W) in the model category of marked simplicial sets. Under the com- 
binatorial hypothesis, M admits cofibrant and fibrant replacement functors and of course, they preserve 
weak-equivalences. If we let denote the full subcategory of M spanned by the cofibrant and Wc the weak- 
equivalences between them, we will have an inclusion of marked simplicial sets {N{'M'^), Wc) Q (iV(M), W) 
together with a map in the inverse direction provided by the cofibrant-replacement functor (the same applies 
for the subcategories of fibrant, resp. cofibrant-fibrant, objects). By the universal property of the localiza- 
tion, these two maps provide an equivalence of (oo, l)-categories A^(M^)[W^~-'^] ~ 7V(!M)[VF~"'^]. Back to the 
Quillen adjunction (F, G), the Ken Brown's lemma provides a well-defined map of marked simplicial sets 

(iV(M"), T^c) -> {N{W), W'c) (38) 

and therefore, a new one N{W-)[Wc'^] N{y^c)[Wc^^] through the choice of fibrant-replacements in the 
model category of marked simplicial sets. It is the content of [63, 1.3.4.21] that if the initial Quillen adjunction 
is an equivalence then this map is will also be. 

Thanks to the results of |27j we know that every combinatorial model category is Quillen equivalent (by 
a zig-zag) to a simplicial combinatorial model category. The previous discussion implies that the underlying 
(oo, l)-category of a combinatorial model category is always presentable. In particular, it admits all limits 
and colimits which, again by the results of [2X together with the Theorem 4.2.4.1 of [SS], can be computed as 
homotopy limits and homotopy colimits in M (see the Propositions 1.3.4.23 and 1.3.4.24 of [63]). Moreover, 
combining the Theorem 4.2.4.4 of [62] again with the main result of [27] we find that for any combinatorial 
model category M and small category /, there is an equivalence 

N{y^')[W[;li^,J ^ Fun{N{I),N{M)[W-']) (39) 

In particular, for a left Quillen map between combinatorial model categories, the map induced between 
the underlying (oo, l)-categories (as above) commutes with colimits. The presentability, together with the 

^^with respect to a class of morphisms of small generation 
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adjoint functor theorem (Corollary 5.5.2.9 of "ST) implies the existence of a right-adjoint N{'M'^)[W^ ^] ^ 
N{'Nc)[W^~^] which we can describe explicitly as the composition 

N{W) — ^ N{'N''f) — ^ N{Mf) iV(M'=^)C ^ iV(M'=) (40) 

where P is a fibrant replacement functor in 3\f and Q is a cofibrant replacement functor in M. 
In the simplicial case the underlying adjunction can be obtained with simpler technology (see the Propo- 
sition 5.2.4.6 of [6^ defining F{X) as a fibrant replacement of F{X) and G{Y) via a cofibrant replacement 

of G(y). 



2.2.3 Compactly Generated Model Categories 

The following discussion will be usefuU in the last part of this work. Let M be a model category. Recall that 
an object X in M is said to be homotopically finitely presented if the mapping space functor Map{X, — ) 
commutes with homotopy filtered colimits. Recall also that if M is cofibrantly generated with / a set of 
generating cofibrations, then X is said to be a strict finite /-cell if there exists a finite sequence of morphisms 
in M 

Xa = 9 ^ Xi ^ ... ^ X„ = X (41) 
such that for any i, we have a pushout square 

X, ^ X,+i (42) 

A '-^B 

with s £ /. Recall also that M is said to be compactly generated if it is cellular and there is a set of 
generating cofibrations (resp. trivial cofibrations) / (resp. J) whose domains and codomains are cofibrant 
and (strictly) cj-compact and (strictly) cj-small with respect to the whole category M. We have the following 
result 

Proposition 2.13. f^yif Prop. 2.2) Let M. be a compactly generated model category. Then any object is 
equivalent to a filtered coUmit of strict finite I -cell objects. Moreover, if the (strict) filtered colimits in M 
are exact, an object X is homotopically finitely presented if and only if it is a retract of a strict finite I-cells 
object. 

This proposition, together with the results of [53] described in the last section, implies that if M is a 
combinatorial compactly generated model category where (strict) filtered colimits are exact, then the com- 
pact objects in the presentable (oo, l)-category iV(M)[VF~^] are exactly the homotopicaly finitely presented 
objects in M. Moreover, we have a canonical equivalence 7V(M)[M^"^] ~ Ind{{N{'M)\W~^])'^) (consult our 
Notations). 

3 Preliminairs II - Higher Algebra 

Our goal in this section is to review the fundaments of the subject of higher algebra as developed in the 
works of J. Lurie in |63| . We collect the main notions and results and provide some new observations and 
tools needed in the later sections of the paper. 
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3.1 oo-Operads and Symmetric Monoidal (oo, l)-categories 

The (technical) starting point of higher algebra is the definition of a symmetric monoidal structure on a 
(oo, l)-category (see Section [3.91 for the philosophical motivations). The guiding principle is that a symmet- 
ric monoidal (oo, l)-category is the data of an (oo, l)-category together with an operation C x C — >■ 6, a unit 
object A[0] — 6 and a collection of commutative diagrams providing associative and commutative restrains. 
There are three main reasons why a precise definition is difficult using brute force: (i) we don't know how 
to precise explicitly the whole list of diagrams; {ii) these diagrams are expected to be interrelated; (in) in 
higher category theory the data of a commutative diagram is not a mere collection of vertices and edges: 
commutativity is defined by the existence of higher cells. The first and second problem exist already in the 
classical setting. The third problem makes the higher setting even more complicated for now to give (i) is 
to specify higher cells in Catoo and (ii) is to write down explicit relations between them. 

In this work we will follow the approach of [63] : a symmetric monoidal (oo, l)-category is a particular 
instance of the notion of oo-operad. In order to understand the idea, we recall that both classical operads 
and classical symmetrical monoidal categories can be seen as particular instances of the more general notion 
of colored operad (also known as " 'multicategory" '). At the same time, classical symmetric monoidal cate- 
gories can be understood as certain types of diagrams of categories indexed by the category Fin^ of pointed 
finite sets. Using the Grothendieck- Construction, we can encode this diagramatic definition of a symmetric 
monoidal category in the form of a category cofibered over Fm* with an additional property - the fiber over 
a finite set (n) is equivalent to the n-th power of the fiber over (1) (follow the notations below). Moreover, by 
weakening this form, it is possible to reproduce the notion of a coloured operad in this context. This way - 
operads, symmetric monoidal structures and coloured operads - are brought to the same setting: everything 
can be written in the world of "things over Fin^," . The book [58] provides a good introduction to these ideas. 



3.1.1 oo-operads 

In order to provide the formal definitions we need to recall some of the terminology introduced in [63]. 
First, we write (n) € N{Fin^,) to denote the finite set {0,1,..., n} with as the base point and (n)^ to 
denote its subset of non-zero elements. A morphism / : (n) — > (to) will be called inert if for each i G (to)^, 
f^^{{i}) has exactly one clement. Alternatively, a map / is inert iff it is surjective and the induced map 
(n) — /~^({0}) (to)+ is a bijection. Notice that the canonical maps (n) (0) are inert. Moreover, for 
each i S (n)'^, we write : (n) (1) for the inert map sending z to 1 and everything else to 0. We say that 
/ is active if /-i({0}) = {0}. 



Definition 3.1. (^631- Definition 2.1.1.10) 

An oo-operad is an oo-category 0® together with a map p : 

properties: 



0^ — ^ N{Fin^,) satisfying the following list of 



1. For every inert morphism f : (to) — S- (n) and every object C in the fiber :~ p ^{{{ni)}), there 
exists a p- CO Cartesian morphism (see Definition of i62j ) f :C ^ G lifting f. In particular, f induces 
a functor f,:Of^)^Gly 

2. Given objects G in 0^^^ and G' in 0^^^ and a morphism f : (to) — > (rt) in Fin^, we write Map^^ (C, G') 

for the disjoint union of those connected components of MapQis (C, C') which lie over f € Mapj^(^pin,){{m), (n)) 
HomFtn{{m), (n)). 

We demand the following condition: whenever we choose p-coCartesian morphisms G' — > G^ lifting the 
inert morphisms : (n) (1) for 1 <i <n (these liftings exists by {!)), the induced map 

Mapf^^ (C, G') ^ n Map^'°^(C, C^) (43) 
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is an homotopy equivalence of spaces; 



3. For each n > 0, the functors p\ : (where 0® denotes the fiber over (1) ) induced by the inert 

maps p' through condition (1), induce an equivalence of {oo,l)- categories 0®^^ — )■ 0". In particular, 
for n — we have ~ A[0]. 

Notice that with this definition any oo-operad 0® — ?> N{Fin^) is a categorical fibration. From now, 
we will make an abuse of notation and write 0® for an cx)-operad p : 0® — N{Fin^), ommiting the 
structure map to N{Fin). We denote the fiber over (1) by and refer to it as the underlying oo-category 
of 0®. The objects of are called the colours or objects of the oo-operad 0®. To illustrate the definition, 
condition (3) tells us that any object C G 0® living over (n) can be identified with a unique (up to 
equivalence) collection {Xi,X2, X„) where each Xi is an object in 0. Moreover, if C ^> C" is a coCartesian 
morphism in 0® lifting an inert morphism (n) — > (m) and if C = {Xi,X2, ...,X„) then C corresponds (up 
to equivalence) to the collection (X f-i(^^iy), X j-i(^^jy^y)). In other words, coCartesian liftings of inert 
morphisms C — {Xi, X2, Xn) ^ C" in 0® correspond to the selection of m colours (without repetition) 
out of the n presented in C. Finally, if C = (Xi)i<i<„ and C" — (Xj)i<i<m are objects in 0®, condition (2) 
tells us that 

Mapo®((X,)i<»<„, (Xj)i<,<,„) c^Y[Mapo^iiX,)i<,<n,X!j) (44) 

j 

Let p : 0® N{Fin^,) be an oo-operad. We say that a morphism / in 0® is inert if its image in 
N{Fin^) is inert and / is p-coCartesian. We say that / is active if p{f) is active. By the Proposition 2.1.2.4 
of 'BB , the collections ({inert morphism}, {active morphisms}) form a (strong) factorization system in 0® 
(Definition 5.2.8.8 of (55]). 

The simplest example of an oo-operad is the identity map Ni^Fin^) N{Fin^,). Its underlying 
(00, l)-category corresponds to A[0]. It is called the commutative oo-operad and we use the notation 
Qomm® = N{Fin^). Another simple example is the trivial oo-operad 7riv® . By definition, it is given 
by the full subcategory of N{Finf,) of all objects {n) together with the inert morphisms. 

More generally, there is a mechanism - the so-called operadic nerve A^®(— ) - to produce an oo-operad 
out of simplicial coloured operad whose mapping spaces are Kan- complexes. 

Construction 3.2. If is a simplicial coloured operad, we construct a new simplicial category A as follows: 
the objects of are the pairs ((n), (Xi, Xn)) where (n) is an object in Fin^ and {Xi, X^) is a sequence 
of colours in A. The mapping spaces are defined by the formula 

m 

Map^iiXi,...,Xn)AYi,.:,Y,n)):= [] Afapyi((X„)„e/-i(«), i"^) (45) 

/:(n)^(m)»=l 

If is enriched over Kan complexes, it is immediate that A is a fibrant simplicial category. Following the 
Definition 2.1.1.23 of |B3] we set N^{A) :— Na{A). In this case (see [531 2.1.1.27]) the canonical projection 
TT : A^®(yi) — > N{Fin^) is an (00, l)-operad. In particular, this mechanism works using a classical operad as 
input. 



Example 3.3. This mechanism can be used to construct the associative operad Ass'^. Following the 
Definition 4.1.1.3 of [53]), we let Ass be the multicategory with one color a and having as set of operations 
Hom{{a}i,a.) the set of total order relations on /. In other words, an operation 



(46) 
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consists of a choice of a permutation of the n-factors. We can now understand Ass as enriched over constant 
Kan-complexes and applying the Construction [3T2] we find a fibrant simplicial category Ass whose simplicial 
nerve is by definition, the associative oo-operad Ass®. 

Explicitly, the objects of Ass'® can be identified with the objects of N{Fin^). Morphisms / : (n) — > (m) 
are given by the choice of a morphisms in N{Fin^:), (n) — {m) together with the choice of a total order on 
each f~^{{j}) for each j e {m)° . With this description, it is obvious that Ass® comes equipped with a map 
towards N{Fin^) obtain by forgetting the total orderings. 

Example 3.4. The associative operad represents the first element in a distinguished family of oo-operads: 
for any natural number n G N, we can construct a fibrant simplicial colored operad [63! Def. 5.1.0.2] whose 
simplicial nerve is called the oo-operad of little n-cubes. For every n > the objects of E^ are the same 
objects of N{Fin^) and in particular it only has one color. When n — 1, there is an equivalence Ef ~ Ass. 
For every n S N, there is a natural map of oo-operads E® — >■ E^_|_]^ and by 63, Cor. 5.1.1.5], the colimit of 
the sequence (in the (oo, l)-category of operads described in the next section) 

E^ ^ Ef ^ Ef ^ ... (47) 

is the commutative operad Qomm® . 

3.1.2 The (oo, l)-category of oo-operads 

By definition, a map of oo-operads is a map of simplicial sets 0® — >■ (0')^ over N{Fin^,), sending in- 
ert morphisms to inert morphisms. Following |63j . we write ^^170(0') to denote the full subcategory of 
Fun]^(^Pin,){0^ 7 {0')®) spanned by the maps of oo-operads. 

The collection of oo-operads can be organized in a new (00, l)-category Op^ which can be obtained as 
the simplicial nerve of the fibrant simplicial category whose objects are the (00, l)-operads and the mapping 
spaces are the maximal Kan-complexes inside Algo{0'). According to the Proposition 2.1.4.6 of [53], there 
is a model structure in the category of marked simplicial sets over N{Fin^) which has Op^ as its underlying 
(00, l)-category. 

3.1.3 Symmetric Monoidal (00, l)-categories 

We say that a map of oo-operads q : C® — 0® is a fibration of oo-operads (respectively coCartesian fibration 
of oo-operads) if it is a categorical fibration (resp. coCartesian fibration) of simplicial sets (see Definition 
2.4.2.1 of [52]). 

Definition 3.5. Let 0® be an oo-operad. An 0-monoidal (00, l)-category is the data of an oo-operad 
Q® — N(Finif) together with a coCartesian fibration of oo-operads G® 0® . A symmetric monoidal 
(00, l)-category is a Gomm-monoidal (00, \)-category. 

Let p : C® — )■ N{Fin^,) be a symmetric monoidal (00, l)-category. As for general oo-operads, we denote 
by C the fiber of p over (1) and refer to it as the underlying (00, l)-category of G® . To understand how this 
definition encodes the usual way to see the monoidal operation, we observe that if / : (n) (m) is an active 
morphism in N{Fin^) and C = (Ai, A„) is an object in the fiber of (n) (notation: C^^), by the definition 

of a coCartesian fibration, there exists a p-coCartesian lift of /, f : C ^ C where we can identify C" with 
a collection {Yi, ...,Ym), with each Yi an object in C. The coCartesian property motivates the identification 

Y,= (g) A„ (48) 

ae/-i({i}) 

where the equality should be understood only in the philosophical sense. When applied to the active mor- 
phisms (0) -> (1) and (2) -J> (1) we obtain functors 1 : A[0] G and (g) : 6 x C -J> 6. We will refer to the first 
as the unit of the monoidal structure. The second recovers the usual multiplication. By playing with the 
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other active morphisms we recover the usual data defining a symmetric monoidal structure. The coherences 
will appear out of the properties characterizing the coCartesian lifts. 

It is an important observation that these operations endow the homotopy category of C with symmetric 
monoidal structure in the classical sense. 

Example 3.6. Let 6 be a classical symmetric monoidal category. By regarding it as a trivial simplicial 
coloured operad and using the Construction 13.2] we obtain an oo-operad N'^{C) -> N{Fint) which is a 
symmetric monoidal (oo, l)-category whose underlying (oo, l)-category is equivalent to the nerve N{G). 

We recommend the reader to follow the highly pedagogical exposition in [63 , which is also a good intro- 
duction to the classical theory. 



3.1.4 Monoidal Functors 

Let p : e® ^ 0® and (J : D® ^ 0® be 0-monoidal {oo, 1) - categories and let F : 6® ^ D® be a map of 
cx)-operads over 0®. To simplify things let us consider = Gomm. For any object object C = {X, Y) in the 
fiber over (2), the definitions allow us to extract a natural morphism in D 

F{X)(g)F{Y) ^ F{X(»Y) (49) 

which in general have no need to be an isomorphism. In other words, operadic maps correspond to lax 
monoidal functors. In the general situation, the full compatibility between the monoidal structures is equiv- 
alent to ask for F to send p-coCartesian morphisms in C® to g-coCartesian morphisms in 2)®. These are 
called 0-monoidal functors and we write FMn®(C, T>) to denote their full subcategory inside 

Funo»(e®,0®) := 0® Xp.„„(e®,o») Fun{e^,T>®) (50) 

Following the Remark 2.1.3.8 of [57, an 0-monoidal functor 6® D® is an equivalence of oo-categories 
if and only if the map induced between the underlying oo-categories C — B is an equivalence. 



3.1.5 Objectwise product on diagram categories 

Let p : C® — > N{Fin^) be a symmetric monoidal (oo, l)-category. Given an arbitrary simplicial set K, and 
similarly to the classical case, we can hope for the existence of a monoidal structure in Fun{K, C) defined 
objectwise, meaning that the product of two functors /, g at an object k G K should be given by the product 
of / and g at k, in C®. Indeed, there exists such a structure Fun{K, 6)®, defined as the homotopy puUback 
of the diagram of oo-categories 

Fun{K,e'^) (51) 

N{Fin^) 1 Fun{K, N{Fin^)) 

where the vertical map corresponds to the composition with p and the map 6 sends an object (n) to the 
constant diagram in N{Fin^) with value {n). By the Proposition 3.1.2.1 of |62| . the composition map 
Fun{K,G^) — Fun{K, N{Fin^.)) is also a coCartesian fibration and therefore since object in the dia- 
gram is fibrant, the homotopy puUback is given by the strict pullback. Moreover, since the natural map 
Fun{K,G)'^ — i> N{Fin^,) is a cocartesian fibration because it is the pull-back of a cocartesian fibration. 
Notice that the underlying (oo, l)-category of Fun{K, 6)® is equivalent to Fun{K, G) by the formulas 
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N(Fin,) 



A[0] -Fun(if,e®) 



Fun{K.N(Fin,)) N{Fin^) X 




(52) 

(53) 
(54) 



In fact this constructions holds if we consider 6® — > 0® to be any coCartesian fibration of operads (see 
the Remark 2.1.3.4 of ^65]). 

3.1.6 Subcategories closed under the monoidal product 

If p : 6® — > N{Fin^) is a symmetric monoidal {oo, l)-category with underlying category 6, whenever we have 
Co C e a full subcategory of C we can ask if the monoidal structure C® can be restricted to a new one (Co)® 
in Cq. By the Proposition 2.2.1.1 and the Remark 2.2.1.2 of [63], if Co is stable under equivalences (meaning 
that if X is an object in Co and X ^ Y (or Y" — X) is an equivalence in C, then Y is in Co) and if Co is closed 
under the tensor product C x C — > C and contains the unit object, then we have that restriction of p to the 
full subcategory (Co)® C C® spanned by the objects X = {Xi, X„) in C® where each Xi is in Co, is again 
a coCartesian fibration. Of course, the inclusion C® C C® is a monoidal functor. Moreover, if the inclusion 
Co C C admits a right-adjoint r, it can be naturally extended to a map of oo-operads r® : C® — ?> C®. In 
particular, for any oo-operad 0®, r® gives a right-adjoint to the canonical inclusion 



(see 13.21 below) . 

3.1.7 Monoidal Reflexive Localizations 

Let again p : C® — ?> N{Fin^) be a symmetric monoidal (oo, l)-category. In the sequence of the previous 
topic, we can find situations in which a full subcategory Co C C is not stable under the product in C but 
we can still define a monoidal structure in Co. We say that a subcategory D® C C® is a monoidal reflexive 
localization of C® if the inclusion 2)® C C® admits a left-adjoint map of oo-operads L® : C® 2)® with L® 
a monoidal map. By the Proposition 2.2.1.9 of [63], if Co is a reflexive localization of C and the localization 
satisfies the condition: 

(*) for every L-equivalence f : X Y in C (meaning that L{f) is an equivalence) and every object Z in 
C, the induced map X^Z Y®Z is again a L-equivalence (see the Definition 2.2.1.6, Remark 2.2.1.7 in I63j). 

then the full subcategory C® of C® defined in the previous topic, becomes a monoidal refiexive localization 
of C®. However, and contrary to the previous situation, the inclusion C® C C® will only be lax monoidal. 

Remark 3.7. If C® C C® is a monoidal reflexive localization, then for any oo-operad 0® the category of 
algebras AZgo(Co) is a reflexive localization of A/(;o(C). fsee 13.21 below for the theory of algebras). 

3.1.8 Cartesian and Cocartesian Symmetric Monoidal Structures 

We recall an analogue of a classical situation: If C is an (oo, l)-category with products (respectively with co- 
products) then the operation (-x-) (resp. -]J -) extends to a symmetric monoidal structure C^ — > N{Fin^,)), 
(resp. CU — > N{Fin^,)) with underlying (oo, l)-category C. Grosso modo, a symmetric monoidal (oo, 1)- 
category C® is said to be Cartesian (resp. coCartesian ) if the underlying oo-category of C admits flnite 
products (resp. coproducts) and we have C® ~ C^ (resp. C® ~ C^^). The reader is advised to follow the 
subjacent details, respectively, in the Sections 2.4.1 and 2.4.3 of 63 . Both these constructions are character- 
ized by means of universal properties related, respectively, to the preservation of products and coproducts. 
More precisely [HH 2.4.1.8], if C and D are categories with finite products then the space of monoidal maps 



AlgoiGo) AlgoiG) 



(55) 
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6^ — ^ is homotopy equivalent to the space of functors C 
2.4.3.18 of [63 provides the dual result for coproducts. 



D that preserve the products. The Theorem 



3.1.9 Monoid objects 

If 6^ — > N{Fin^,) is a cartesian symmetric monoidal (oo, l)-category, for each oo-operadp : 0® — > N{Fin^), 
an -monoid object m C is a functor F : 0® C satisfying the usual Segal condition: for each object 
C = (xi,...,x„) in 0® with xi,...,a;„ in and given p-coCartesian liftings : (xi,...,a;„) — Xi for the 
inert morphisms in N{Fint), the induced product map F{C) — ?> ni^(^«) equivalence in 6. The 

collection of 0-monoid objects in C can be organized in a new (oo, l)-category Aforio(C). 

3.2 Algebra Objects 

3.2.1 Algebras over an (cxo, l)-operad 

Let 

(56) 



0' 



■0^ 



be a diagram of oo-operads with p a fibration of c>o-operads. We denote by Fitng® (0'®, C®) the strict 
puUback 



i^wn(0®,e®) 



(57) 



A[0] 



Id 



Fun{Q®,0'^ 



whose vertices correspond to the dotted maps rendering the diagram commutative 



(58) 



0' 



■ 0® 



By construction, FMno»(0®,C®) is an (oo, l)-category and following the Definition 2.1.3.1 of [53], we 
denote by AlgQiiQ{Q) its full subcategory spanned by the maps of oo-operads defined over 0®. We refer to 
it as the oo-category of 0' -algebras of C. In the special case when / = Id, we will simply write ^^17/0(6) to 
denote this construction. In the particular case 0® = N{Fin^:), this construction recovers the oo-category 
of maps of oo-operads AlgQi{Q) defined in the previous section. If both 0'® — 0® ~ N{Fin^,), the oo- 
category Algeom7n{G) can be identified with the oo-category of sections s : N{Fin) 6® of the structure 
map p : C® — A^(i^in*), which send inert morphisms to inert morphisms. This condition forces every s((n)) 
to be of the form {X,X, ...,X) for some object X in C. Moreover, the image of the active morphisms in 
N{Fin^.) will produce maps X (g) X X and 1 X endowing X in C with the structure of a commutative 
algebra. The cocartesian property is the machine that produces coherence diagrams. As an example, to 
extract the first associative restrain we consider the image through s of the diagram 



(3) 



(2) 



(59) 



(2) 



(1) 
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of active maps in N(Fin^). Since s((l)) lives in the fiber over (1), the cocartesian property will ensure the 
existence of a uniquely determined (up to homotopy) new commutative square in C 



X(E)X(g)X--^X(g)X 



(60) 



Y ^ Y 
X(E)X ?X 

The commutativity restrain follows from the commutativity of the diagram 

(2) (1) 




(61) 




(2) 



in A^(Fm*), where the vertical map is permutation. 

These are called commutative algebra objects of 6 and we write CAlg{G) := Alg^Qgjy^jyi{G). In particular, 
it follows from the description QommP ~ colimkEf that CAlg{C) is equivalent to lim.kAlgEi-{G)- 

If 0'® — Ass^ — > 0® = N{Fin^) is the associative operad, the associated algebra-objects in C*^ can be 
identified with the data of an object X in C together with a unit and a multiplication satisfying the usual 
associative coherences which are extracted as explained in the previous discussion. The main difference is 
that the permutation of factors is no longer a map in Ass® so that the commutativity restrains disappears. 
We set the notation Alg{G) := Algjiss{S)- It follows that the composition with Ass'® N{Fin^,) produces 
a forgetful map CAlg{C) Alg{Q). 

Example 3.8. Let C be a classical symmetric monoidal category. As explained in the Example 13.61 the 
nerve iV(e) adquires the structure of a symmetric monoidal (cx), l)-category. It follows that CALg{N{Q)) and 
Alg{N{Q)) can be identified, respectively, with the nerves of the classical categories of strictly commutative 
(resp. associative) algebra objects in C in the classical sense. 

Another important situation is the case when 0'® = 7riv® the trivial operad for which, as expected, we 
have a canonical equivalence A/(7/^rj„(C) ~ C (see 2.1.3.5]). 

To conclude, if C*^ is cartesian symmetric monoidal {oo, l)-category, we have a canonical map relating 
the theory of algebras with the theory of monoids described in the previous section 



By [521 2.4.2.5] this map is an equivalence. We will use this in the next section. 

3.2.2 Symmetric Monoidal (oo, l)-categories as commutative algebras in Catoo and Monoidal 
Localizations 

Let us consider the (oo, l)-category of small (oo, l)-categories Catoo (see Chapter 3 of [55]). The cartesian 
product endows Catao with a symmetric monoidal structure Cai® which can be obtained as the operadic 
nerve of the combinatorial simplicial model category of marked simplicial sets with the cartesian model 
structure. The objects of Cat'^ are the finite sequences of (oo, l)-categories (Ci, C„) and the morphisms 
(Ci, C„) (Di, Dm) over a map / : (n) (m) are given by families of maps 



Alg/Q{e) MonoiG) 



(62) 



n ^J" ^ 



(63) 
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with 1 <i <m. Using the Grothendieck-construction of Theorem 3.2.0.1 of [52]. the obiects of CAla(Cat^,) ~ 
MonQommiCatoc) can be identified with the smah symmetric monoidal (oo, l)-categories and the maps of 
algebras are identified with the monoidal functors (see Remark 2.4.2.6 of [52). The same idea works if we 
replace Catoo by Cat^^ . These examples will play a vital role throughout this paper. 

Remark 3.9. Thanks to [63l 2.2.4.9] the forgetful functor CAlg{Catoo) Opoo admits left adjoint Env'^ . 
Given an oo-operad 0®, the symmetric monoidal (oo, l)-category Env'^ {0®) is called the monoidal envelope 
ofO®. 

The theory in 13.1.71 can be extended to localizations which are not necessarily reflexive. Recall from our 
preliminairs that the formula (6, W) n- C[M^^^] provides a left-adjoint to the fully-faithful map Catoo Q 
W Catoo- This makes Catoo a reflexive localization of W Catoo- The last carries a natural monoidal structure 
given by the cartesian product of pairs which extends the cartesian product in Catoo- By the Proposition 
4.1.3.2 in [63] the formula (6, W) H> C[W^^^] commutes with products and therefore fits in the conditions of 
the previous item, providing a monoidal functor 

WCaf^ ^ Cat^ (64) 

thus providing a left-adjoint to the inclusion 

CAlg{Catoo) C C Alg{V^ Catoo) (65) 

We can identify the objects in C Alg{'W Catoo) with the pairs (C®, W) where C® is a symmetric monoidal 
(oo, l)-category and W is collection of edges in the underlying oo-category 6, together with the condition 
that the operations ®" : C" — ?> C send sequences of edges in to a new edge in W . The previous adjunction 
is telling us that every time we have a symmetric monoidal (oo, l)-category C® together with a collection 
of edges W which is compatible with the operations, then there is natural symmetric monoidal structure 
C®[W^~^]® in the localization C[VF~^]. Plus, the localization functor is monoidal and has the obvious 
universal property. 

Notice that the condition (*) in l3.1.7l is exactly asking for the edges W = L~ equivalences to satisfy the 
compatibility in the present discussion. 

3.2.3 Change of Operad and Free Algebras 

Let us consider now a diagram of oo-operads. 

e® (66) 
p 

Oz^^Of — ^0® 
with p a fibration. Composition with a produces a functor 

Algo,/o{<^)-^ Algo,io{<^) (67) 

The main result of [63] Section 3.1.3 is that, under some mild hypothesis on C®, we can use the theory of 
operadic Kan extensions (see |63| - Section 3.1.2) to ensure the existence of a left-adjoint F to this functor 
(Corollary 3.1.3.5 of [53]). It follows that we can understand as a mechanism to define the the free 
Oi-Algebra generated by an O2 algebra |631 Def. 3.1.3.1]. These mild conditions hold for any symmetric 
monoidal (00, l)-category compatible with all small colimits (see below) and this will be enough for our 
present purposes. The Construction 3.1.3.7 and the Prop. 3.1.3.11 of [53] provide a very precise description 
of this construction in the case where O2 is the trivial operad and Oi is the associative or the commutative 
operad. Given a trivial algebra X in C, for the first [531 Prop. 4.1.1.14] we obtain 
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= U (68) 

n>0 

while the second (see the Example 3.1.3.12 of [63] ) is obtained from the previous formula by killing the action 
of the permutation groups 

^^(^)((1))-II(^^7S„) (69) 

n>0 

3.2.4 Colimits of algebras 

Another important feature of the oo-categories Alg/Q{C) is the existence of limits and colimits. The first 
exist whenever they exist in C and can be computed using the forgetful functor (Prop. 3.2.2.1 -[63]). The 
existence of colimits needs a more careful discussion. In order to make the colimit of algebras an algebra 
we need to ask for a certain compatibility of the monoidal structure with colimits in C. This observation 
motivates the notion of an 0-monoidal (oo, l)-category compatible with %-indexed colimits^ with % a given 
collection of simplicial sets (see Definition 3.1.1.18 and Variant 3.1.1.19 of [53]). The definition demands the 
existence of 3<!-colimits on each 6^; (for each a; G 0), and also that the multiplication maps associated to the 
monoidal structure preserve all colimits indexed by the simplicial sets K ^ %, separately in each variable. 
The main result (Corollary 3.2.3.3 of [53]) is that if is an 0-monoidal (oo, l)-category compatible with 
% — {k ~ small simplicial sets}-colimits and if 0® is an essentially K-small oo-operad, then ^^170(6) admits 
K-small colimits. However and in general, contrary to limits, colimits cannot be computed using the forgetful 
functor to Qx for each color a; G 0. 



3.2.5 Tensor product of Algebras 

Let q : ^ N{Fin^) be an oo-operad. Thanks to [631, 3.2.4.1, 3.2.4.3], for any oo-operad O*" the cate- 
gory of algebras Algo{G) can be endowed again with the structure of oo-operad p : Algo{C)^ N{Fin^,). 
Moreover, a morphism a in Algo{Q)® is p-cocartesian if and only if for each color a; G its image through 
the evaluation functor ex ■ Algo{C)'^ 6® is g-cocartersian. In particular, Algo{C)® is a symmetric 
monoidal (00, l)-category if and only if C® is, and in this case the evaluation functors ex are symmetric 
monoidal. In other words, the category of algebras inherits a tensor product given by the tensor operation 
in the underlying category C. In particular, for any morphism of 00-operads 0'® — > 0*^, since the forgetful 
functor / : Algo{G) Algor{C) is defined over the evaluation functors e^, it extends to a monoidal map 
AlgoiG)® ^Algo'ier. 



Remark 3.10. By the universal property of the simplicial set Algo{C)'^ (see [63] Const. 3.2.4.1]), any 
monoidal functor 6*^ — D*^ between symmetric monoidal (00, l)-categories, extends to a monoidal functor 
between the symmetric monoidal categories of algebras AlgQ{C)'^ Algo{D)® . As a corollary of the 
previous discussion, for every color a; G 0, the evaluation maps ex provide a commutative diagram of 
monoidal functors 

Algoie)® ^Algom® (70) 

As in the classical case, if = Comm, this monoidal structure is coCartcsian (Prop. 3.2.4.7 of |63j). 
More generally, for = there is a formula relating this monoidal structure with coproducts in C |63l 
Theorem 5.1.5.1]. 
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3.2.6 Tensor Product of C)o-operads 

The {oo, l)-category of oo-operads admits a symmetric monoidal structure where the tensor product of two 
operads 0® and (0')® is characterized ([Ml 2.2.5.3]) by the data of a map of simphcial sets / : 0® x (0')® ^ 
0® (8> (0')® with the following universal property: for any oo-operad C®, composition with / induces an 
equivalence 

^/5(0®«(0')«)<i) (6) - Algo{Algo'{C)) (71) 

where Algo>{C) is viewed with the operadic structure of the previous section. In particular, the unit is the 
trivial operad. 

This monoidal structure can be defined at the level of marked simplicial sets over N(Fin,,) and can be 
seen to be compatible with the model structure therein [531 2.2.5.7, 2.2.5.13]. Moreover, it is compatible 
with the natural inclusion 

Catoo ^ Opoo (72) 
so that the cartesian product of (cx), l)-categories is sent to this new product of operads [63l Prop. 2.2.5.15]. 

An important application is the description of the oo-operad E®|_j as the tensor product of with E® 
[551 5.1.2.2]. In particular, this characterizes an E®-algebra X in a symmetric monoidal (oo, l)-category 6® 
has a collection of n different associative multiplications on X , monoidal with respect to each other. 



3.2.7 Transport of Algebras via Monoidal functors 

Let 




(73) 




0® 



be a morphism of (oo, l)-operads (not necessarily monoidal) with both p and q given by fibrations of (oo, 1)- 
operads. In this case, for any morphism of (oo, l)-operads (0')® 0®, / induces a composition map 



U:Algo>,o{Q)^AlgQ,/o{'D) 
This is because the composition of maps of oo-operads is again a map of oo-operads. 



(74) 



Assume now / is a monoidal functor between symmetric monoidal (oo, l)-categories. Following the 
discussion in I3.2.5[ for any oo-operad 0® we can use the universal property of [63l 3.2.4.1] to obtain an 
induced map of oo-operads between symmetric monoidal (oo, l)-categories AZgo(C)® — Algo{'D)® . Again 
by the arguments exposed in 13.2.51 we can easily deduce that this last map is monoidal. 



3.2.8 Symmetric Monoidal Structures and Compatibility with Colimits 

As mentioned in 13.2.21 the objects of CAlg{Catoo) can be identified with the (small) symmetric monoidal 
(oo, l)-categories. We have an analogue for the (small) symmetric monoidal (oo, l)-categories compatible 
with 3C-indexed colimits: as indicated in l2.11 given an arbitrary (oo, l)-category C together with a collection 
OC of arbitrary simplicial sets and a collection Ji of diagrams indexed by simplicial sets in 3C, we can fabricate 
a new (oo, l)-category J'^^(C) with the universal property described by the formula We can now use 

this mechanism to fabricate a monoidal structure in Cafoo(3C) induced by the cartesian structure of Catoo- 
Given two small (oo, l)-categories C and C having all the DC-indexed colimits, we consider the collection 
= 3C H 3C of all diagrams p : K ^ C x G' such that K € "JC and p is constant in one of the product 
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components, and define a new (oo, l)-category 6 (g) C := '■^x^x^^ ^ construction it admits all the 

3C-indexed colimits and comes equipped with a map C x C — >■ C (8) C endowed with the following universal 
property: for any (oo, l)-category D having all the DC-indexed colimits, the composition map 

Funxie(g)e',T)) ^ Funxmxie G',"^) (75) 

is an equivalence. The right-side denotes the category of all 3C-colimit preserving functors and the left-side 
denotes the category spanned by the functors preserving !X— colimits separately in each variable. 

We can now use this operation to define a symmetric monoidal structure in Catoo(3C). For that, we 
start with Cat® — >■ N^Fini,) the cartesian monoidal structure in Catoo, and we consider the (non-full) 
subcategory Catooi^)'^ whose objects are the finite sequences (Ci, C„) where each Ci admits all !K-indexed 
colimits together with those morphisms (Ci, .., C„) — > (Di, Dm) in Cat'^ over some / : (n) — > (m), which 
correspond to a family of maps 

n ^ 2), (76) 

3&f-H{i}} 

given by functors commuting with DC-indexed colimits separately in each variable. We can now use the 
universal property described in the previous paragraph to prove that Ca<oo(3C)® is a cocartesian fibration: 
given a morphism / : (n) — (m) and a sequence of (oo, l)-categories X = (ei,...,C„) having all the DC- 
indexed colimits, a cocartesian lifting for / at X in Cafoo(3C)^ is given by the family of universal maps 

n e,^D.:^y^^^^_^^^^^xi n e,) (77) 

which we know commutes with DC-indexed colimits separately in each variable. Moreover, it follows from 
this formula that the canonical inclusion Catoc{'X)^ Cat^ is a lax-monoidal functor (see the Proposition 
6.3.1.3 and the Corollary 6.3.1.4 of [63] for the full details). 

Finally, the objects of CAlg{Catoo{'X)) can be naturally identified with the symmetric monoidal (oo, 1)- 
categories compatible with DC-colimits. 

More generally, given two arbitrary collections of simplicial sets DC C DC', it results from the universal 
properties defining the monoidal structures that the inclusion 

Catt'm C C7af^^(DC) (78) 

is lax monoidal and its (informal) left-adjoint C M- 7^ (6) ('see l2. 1.11)1 is monoidal. In other words, for every 
inclusion DC C DC of collections of simplicial sets, if C® is a symmetric monoidal (oo, l)-category compatible 
with all DC-colimits, the (oo, l)-category 7^ (6) inherits a canonical symmetric monoidal structure CPjJ^ (6)® 
compatible with all the DC'-indexed colimits. Moreover, the canonical functor C (C) extends to a 

monoidal functor C® (C)® and, again by ignoring the set-theoretical aspects, the previous adjunction 

extends to a new one (see the Proposition 6.3.1.10 of [M] for the correct statement) 

CAlgiCatt'ir)) ^ CA/g(C7af^^(DC)) (79) 

Example 3.11. In the particular case when DC is empty and DC' is the collection of all small simplicial sets, 
this tells us that if C® is a small symmetric monoidal (oo, l)-category, the oo-category of oo-presheaves on C 
inherits a natural symmetric monoidal structure J'®(C), commonly called the convolution product. Moreover, 
the Yoneda's map is monoidal and satisfies the following universal property: for any symmetric monoidal 
(oo, l)-category 2)® with all small colimits, the natural map given by composition 
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is an equivalence. 



Fun®-^{y{e),1)) Fun^{e,V) 



(80) 



Example 3.12. Following the discussion in 12.1.171 Catoc{{Idem}) can be identified with Caf^"^ . In this 
case, the previous discussion endows Cat^^"™' with a symmetric monoidal structure and the idempotent- 
completion Idem{—) is a monoidal left-adjoint to the inclusion Caf^™ C Catoo- 

Remark 3.13. Let 6*^ be a symmetric monoidal (oo, l)-category. We say that 6 is closed if for each object 
X e 6 the map {— ® X) : G — > C has a right adjoint. In other words, C® is closed if and only if for any 
objects X and F in C there is an object X^ and a map F"^ ® X ^ Y inducing an homotopy equivalence 
Mape{Z ^ X,Y) ~ Mape{Z, Y-^). If C*^ is closed symmetric monoidal (oo, l)-category and its underlying 
cx)-category C has all small colimits, then is a symmetric monoidal (oo, l)-category compatible with all 
small colimits. An important example is the cartesian symmetric monoidal structure on Catoo, where the 
right-adjoint to (— x X) is provided by the construction Fun{X, — ). The colimits exist in Cataa because it 
is presentable. 

3.3 Modules over an Algebra 

We now recall the theory of module-objects over an algebra-object. We mimic the classical situation: in a 
symmetric monoidal category C, each algebra-object A has an associated theory of modules ModA{C) and 
under some nice assumptions on C, this new category has a natural monoidal product. This provides an 
example of a more general object - a collection of oo-operads indexed by the objects of a small (oo, l)-category. 

3.3.1 Generalized (oo, l)-operads and Operadic families 

We start with a review of the appropriate language to formulate the notion of a family of oo-operads indexed 
by the collection of objects of an (oo, l)-category 23. The theory of modules provides an example, with 
23 = CAlg{C) for a symmetric monoidal (oo, l)-category 6. 

In j63) , the author develops two equivalent ways to formulate this idea of family. The first is the notion of 
a. "B- operadic family (See Definition 2.3.2.10 of [63]). It consists of categorical fibration p : 0® "Bx N{Fint,) 
such that 

1. for each object & G 23, the fiber 0® x-ExNiFin,) {b} N{Fin^) is an oo-operad. In particular, we can 
identify an object X in the fiber of (6, {n)) as a sequence (6; {Xi, ...,X„)) by choosing p-cocartesian 
liftings X ^ Xi oi the canonical morphisms pi : (n) — > (1); 

2. For any Z = (&'; Zi, Z,,,.) G 0®, X = (6, Xi, X„) and every pair of morphisms {u, /) : (6', (m)) — > 
(6, (n)) in 6 X N{Fint), we ask for the canonical map 

n 

Map'^^liZ, X)^l[ Map''^P'°{Z, X,) (81) 

4=1 

to be an equivalence. In this notation, Map^l denotes the connected component of MapQ» of all 
morphisms lying over (u, /). 

The second notion is that of a generalized oo-operad (j63j-Defn 2.3.2.1). It is given by the data of an 
(oo, l)-category 0® equipped with a map q : 0® — J> N{Fin^) such that: 
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1. For any object X over (n) and any inert morphism / ; (n) — (to), there is a q-cocartesian lifting 
f : X ^ X' of f. In particular, these induce functors f\ : ^fm) ^^'^ ^'^) ~ 

a canonical map 0® — >■ 0^^. Let X be a object over (n). Choose X ^ Xi a p-cocartesian lifting 
for each pi. Moreover, choose a p-cocartesian lifting X Xq for the canonical map (n) (0) and 
p-cocartesian liftings Xi Xi,o for the null map (1) — > (0). Because of the cocartesian property, the 
diagram 

Xi (82) 




commutes in 0*^. 
2. For each (n), the natural map 



Of„)^0«^xo«^....x„«^0®^ (83) 

n 

induced by the morphisms /?,; : (n) — >■ (1), is an equivalence. This condition is weaker than the condition 
in the definition of an oo-operad for it does not force to be contractible. This second axiom allows 

us to identify an object X over (n) with a sequence of objects (Xi, Xn) in 0®^ living over the same 
(up to equivalence) object Xq G and motivates the notation X {Xo;Xi, ...,X„). 

Let X = {Xo;Xi,...,Xn) and Z — {Zq; Zi, Zm) be objects in 0®. For any / : (to) (n), we ask 
for the canonical map 



Map^Q^{Z,X) ^ (TT Afap^'°^Mapo®(^,^z)) XMa«°^<">-<°>fz Xnl Map„^ {Zo,Xo) (84) 

J' ^ o® • ' ' 

to be an equivalence. 

According to the Proposition 2.3.2.11 of [63], the two notions are equivalent: if q : 0® — > 23 x N{Fin^) is a 
"B-operadic family, the composition with the projection towards N{Finr) is a generalized oo-operad and the 
canonical projection ^ 2? is a trivial Kan fibration. Conversely, if p : 0® — > N{Fin^,) is a generalized 
oo-operad, the product of p with the canonical projection 0® 0^^ is a 0^^-operadic family. These two 
constructions are mutually inverse. Notice also that if 23 = A[0], we recover the notion of oo-operad. 

Let p : 0® — > N{Fin^,) be a generalized oo-operad. We say that a morphism in 0® is inert if it is 
p-cocartesian and its image in N{Fin^,) is inert. If 0® and (0')® and generalized oo-operads, we say that a 
map of simplicial sets / : 0® — >■ (0')® is a map of generalized oo-operads if it is defined over N{Fin^,) and 
sends inert morphisms to inert morphisms. According to the Remark 2.3.2.4 of [63j, there is a left proper, 
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combinatorial simplicial model structure in the category of marked simplicial sets over N{Fin^) having 
the generalized oo-operads as cofibrant-fibrant objects. We denote by Opg^ its underlying (cxd, l)-category. 
According to the Corollary 2.3.2.6 of [63^, the model structure for oo-operads is a Bousfield localization of 
this model structure for generalized c»-operads. At the level of the underlying (oo, l)-categories this is the 
same as saying that Opoo is a reflexive localization of Op^. The inclusion understands an oo-operad as 
generalized oo-operad whose indexing category is A[0]. 

In the language of (oo, l)-categories, the relation between the two notions of operadic families can now 
be understood by using an adjunction: the assignment 0** i— >■ 0^^ sending a generalized oo-operad to its 
fiber over (0) can be understood as a functor F : Op^ Catoo and according to the Proposition 2.3.2.9 
of ^63], the map sending an (oo, l)-category 23 to the generalized oo-operad 23 x iV(Fm*) is a fully-faithful 
right-adjoint of F. In this language, 0® — > 23 x N{Fint) is an operadic family if and only it is a fibration 
of oo-operads and its adjoint morphism — >■ 23 is a trivial Kan fibration. 

3.3.2 The (oo, l)-category of modules over an algebra-object 

Let 6*^ —5- 0*^ be a fibration of oo-operads. Following the results of Section 3.3, by assuming a coherent 
condition on the oo-operad 0® (see Def. 3.3.1.9 in [53]), it is possible to construct a AZ^/q (C)-operadic 
family Mod°{e)® Alg/o{e) x 0® whose fiber over an algebra A 

Mod5(e)^ ^ 0® (85) 

can be understood as a theory of ^-modules. We will not reproduce here the details of this construction. 
Let us just say that if 0® is unital (see Def. 2.3.1.1 of [63 )0, the category Alg/Q{G) x 0® can be described 
by means of a nice universal property in the homotopy theory of simplicial sets over 0® with the Joyal's 
model structure (See the Notation 3.3.3.5 and the Remarks 3.3.3.6 and 3.3.3.7 in [63 ). By enlarging a bit 
this universal property we can define a new simplicial set Mod'^(C)® over 0® (see the Construction 3.3.3.1, 
and the Definition 3.3.3.8 in [63] ). together with a canonical map 

Mod°(e)® ^ Alg/o{e) X 0® (86) 

which by the Remark 3.3.3.16 of [63] is a fibration of generalized oo-operads. Moreover, by the Theorem 
3.3.3.9 of loc. cit, if 0® is coherent, then for each algebra A, the fiber Mod5(e)® := Mod°(e)® XAig^^ie) 
{A} — ^ 0® is a fibration of oo-operads. 

3.3.3 Monoidal Structures in Categories of Modules 

Under some extra conditions on C®, it is possible to prove that Mod^(C)'^ is actually a 0-monoidal structure, 
with A as a unit object. These sufficient conditions are already visisible in the classical situation: If 6 is 
the category of abelian groups with the usual tensor product, and A is a (classical) commutative ring (a 
commutative algebra object in 6), then the tensor product of A-modules M and N is by definition, the 
colimit of 

M (g) A ® iV r M ®N (87) 

where ® denotes the tensor product of abelian groups and the two different arrows correspond, respectively, 
to the multiplication on M and N . In order for this pushout to be a new A-module we need to assume that 
(g) commutes with certain colimits. By the combination of the Corollary 3.1.1.21 with the Theorem 3.4.4.3 of 
[63) . if C® is a symmetric monoidal (oo, l)-category compatible with K-small colimits (for k an uncountable 
regular cardinal) and if 0® is a K-small coherent oo-operad, then the map Mod'^{Q)'^ — >■ 0® is a coCartesian 
fibration of oo-operads which is again compatible with K-small colimits. In particular this result is valid for 

^®In particular coherent operads are unital 
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algebras over the cxo-operad E®, for any fc > 0, because it is known to be coherent (see [531 Theorem 5.1.1.1] 
for the general case and [53| Example 3.3.1.12] for the commutative operad). 

3.3.4 Limits and Colimits of Modules 

Another important feature of the module-categories Mod'^{G)f (for each a; e 0) is the existence of limits, 
which can be computed directly on each Ca, using the forgetful functor (Thni 3.4.3.1 of [63]). The existence 
of colimits requires again the compatibility of the monoidal structure with colimits on each C^- If 
is compatible with K-small colimits, then by the Corollary 3.4.4.6 of [63 , colimits in Mod°(C)'* can be 
computed in the underlying categories Gx by means of the forgetful functors Mod'^{G)f Cx, for each color 

3.3.5 Algebra-objects in the category of modules 

We also recall another important result relating algebra objects in Modj^{G)® and algebras B in C equipped 
with a map of algebras A ^ B. 

Proposition 3.14. (Corollary 3.4-1-7 of fU3f ) Let 0® be a coherent operad and let C® 0^ be a fibration 
of oo-operads. Let A G Alg/Q^G) be an 0-algebra object of G. Then the obvious map 

Alg,o{Mod1{G)) ^ Alg,o{G)A, (88) 

is a categorical equivalence (where AlgiQ{G)A_/ denotes the {oo, \)-category of objects B in Algo{G) equipped 
with a map of algebras A ~^ B - see or Prop. 1.2.9.2 of JU^ ). 

In particular, if G® is coCartesian fibration compatible with all small colimits, Alg/Q(G)A/ inherits a 
monoidal structure from Mod5(C)® and by the discussion above this structure is cocartesian. 

Under the same conditions, it is also true 63, Cor. 3.4.1.9] that for any algebra B € Alg^o{ModA{G)) 
the canonical map 

Mod^iMod'^iG))® ^ Mod%{Gf. (89) 
is an equivalence of oo-operads, with B the image of B through ([55)1 . 

3.3.6 Modules over associative algebras 

We now review the particular situation over the oo-operad Ass'®. Let C® be a monoidal (oo, l)-category. 
Whenever given an associative algebra Am G®, it is possible to introduce two new constructions LModA{G), 
RModA{G) encoding, respectively, the theories of left and right modules over A. Their objects are pairs 
{A, M) where A is an object in ^^^(C) and M is an object in C equipped with a left (resp. right) action 
of A. This idea can be made precise with the construction of two new oo-operads LM.® and 3^M® fabri- 
cated to shape left-modules (see Definitions 4.2.1.7 and 4.2.1.13 of [63 ), respectively, right-modules. Let us 
overview the mechanism for left-modules. Grosso modo, £M® is the operadic nerve of a classical operad 
LM constructed to have two colours a and m and a unique morphism 

(a, a, a, m) ^m. (90) 

n 

for each n G N, these being the only morphisms where the color m appears. Moreover, the full subcategory 
spanned by the color a recovers the associative operad. At the same time, the projection sending the two 
colors (a, m) in £M® to the unique color in Ass®, determines a fibration of oo-operads. 

The idea now is to consider algebra-objects s G LMod(G) := A?5£m//Iss(C)- From such an object s we 
can extract an associative algebra-object in C, s|yiss» S Alg{G), an object s(m) = M in C and a multiplica- 
tion map {A M ^ M) := s((a, m) a) which with the help of the cocartesian property of G® — ^ Ass® 
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satisfies all the coherences defining the usual module-structure (see the Example 4.2.1.18 of [55"). If we fix 
A an associative algebra object in C, we obtain LModA{G) - the left-modules in C over the algebra A - as 
the fiber over A of the canonical map LMod{Q) — ?• Alg{Q) induced by the composition with the inclusion 
Ass® C £M®. 

Given a pair of associative algebras A and B, it is also possible to perform a third construction ABModsiQ) 
encoding the theory of bimodules over the pair [A, B) (left-modules over A and right- modules over B). Again, 
the construction starts with the fabrication of an oo-operad H'M® whose algebras in C are identified with 
bimodules (see Definitions 4.3.1.6 and 4.3.1.12 of ^SS^). By construction there are inclusions of oo-operads 

yiss®C_2^. ^ ^-XM® "B-^Ass® (91) 

which implies the existence of forgetful functors 

LModAiG) ^ ABModsie) ^ RModeiQ) (92) 

which, in general, are not equivalences. By the Theorem 4.3.4.28 of [63j this new theory of modules is related 
to the general theory by means of a canonical equivalence 

Afod;^''"(e) ABModAie) (93) 

where Mod'^''^{C) is by definition, the underlying oo-category of Mod'^''''{C)® (the general construction). 
Under some general conditions, for any triple {A, B, C) of associative algebras in C it is possible to fabricate 
a map of (cx), l)-categories 

ABModBiG) X sBModcie) ^ AModciC) (94) 

encoding a relative tensor product (see Def. 4.3.5.10 and Example 4.3.5.11 of [63 ). It can be understood 
as a generalization of the formula (|87p . replacing it by the geometric realization of a whole simplicial object 
BarB^M, N)t given informally by the formula 

Bars (M, N),, = M ® B"" ® N (95) 

(see [531 Construction 4.3.5.7, Theorem 4.3.5.8]). By the Proposition 4.3.6.12 of [57, if C satisfies the con- 
dition 

(* * *) it admits geometric realizations of simplicial objects and the tensor product preserves geometric 
realizations of simplicial objects, separately in each variable; 

then, the fibration of oo-operads Moc?^*''(C)® Ass® (obtained by the general methods) is an Ass- 
monoidal (cx), l)-category with the monoidal structure given by the relative tensor product. Moreover, if C 
admits all small colimits and the tensor product is compatible with them on each variable, the equivalence 
Mod-^^'^ {Q) ~ ABModA{Q) will send the existing abstract-nonsense-monoidal structure on Mod-^''^{Q) pro- 
vided by the general discussion in 13.3.31 to the relative tensor product. 

Remark 3.15. As mentioned before, the theory of left-modules, resp. right- modules, does not have to be 
equivalent to the general theory (as we will see in the next section, this is true in the commutative case). 
For this reason it is convenient to have a theory of limits and colimits specific for left, resp. right, modules. 
See the Corollaries 4.2.3.5 and 4.2.3.5 of [53]. 
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3.3.7 Modules over commutative algebras 



Finally, if A is a commutative algebra in a symmetric monoidal (oo, l)-category 6*^, the forgetful map 
ModA{e) := Mod%'"^"'{e) -J- Mod-^'^G) fits in a commutative diagram 



ModAie) 



(96) 




LModAiG) ^ ABModAiG) ^ RModA{G) 

and by the Proposition 4.4.1.4 and the Corollary 4.4.1.6 of |63j, the diagonal arrows are equivalences. More- 
over, by the Theorem 4.4.2.1 of [63], if C satisfies (***), then the cx)-operad ModA{<S)® := Afod2°™"(e)® is 
a symmetric monoidal (oo, l)-category and its tensor product can be identified with the composition 

ModA{Q) X ModA{Q) ^ ABModAiG) x ABModAiG) — ^ ABModA{Q) (97) 



LModAiG) ~ ModAiG) 

Moreover, if C admits all small colimits, this monoidal structure agrees with the therefore existing 
abstract-nonsense structure provided by the discussion in 13.3.31 

3.3.8 Base Change 

We now review the procedure of base change. If be symmetric monoidal (cxd, l)-category and f : A ^ B 
is a morphism of commutative algebras, the pre-composition with / produces a forgetful functor 

: Modsie) ModAiG) (98) 

which in general is not a monoidal functor. Assuming 6 satisfies the condition (***), the relative tensor 
product discussed in the previous section provides monoidal structures in ModA{C) and ModB{G)- The 
Theorem [63l Theorem 4.4.3.1] enhances this result with the additional fact that p : Mod{C)'^ CAlg{G) x 
N{FiTi^,) is a cocartesian fibration. The construction of p-cocartesian liftings is achieved using the relative 
tensor product construction: every morphism of algebras f : A ^ B admits a p-cocartesian lifting which we 
can informaly describe with the formula 

M ^ La^b{M) -.^ M ®aB (99) 

Using the Grothendieck construction, this formula assembles to a left-adjoint to the forgetful functor /*. 
Moreover, the properties of the relative tensor product in [531 4.3.5.9] imply that this left-adjoint is monoidal. 

It is also evident by the nature of the construction (obtained via cocartesian liftings) that for any com- 
position A — > _B — !> C and for any ^l-module M, there are natural equivalences (M ®a C) ~ (M ®a B)®bC 

3.3.9 Transport of Modules via a monoidal functor 

Our goal in this section is to explain how given / : — ?■ 25® a monoidal functor between symmetric 
monoidal (cx), l)-categories, we can associate to every commutative algebra A g CAlg{Q) a natural map 
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ModA{Q) 



Modf^A)m 



(100) 



and that under some nice hypothesis on /, C® and CD® this new map will again be monoidal with respect to 
the monoidal structure on modules described in 13.3.31 and l3.3.7l Moreover, we want to see that if yl — > _B is 
map of commutative algebras, then the diagram 



ModA{e) 



fA 



(101) 



Modf^B)m 



Modsie) - 

commutes. Here the vertical maps are the base change maps of 13.3.81 

We start with the construction of the maps Ja- For that, we recall that the generalized operads Mod(C)® 
and Mod{'D)® are defined in terms of a universal property as simplicial sets over N{Fin,:) (See Con- 
struction 3.3.3.1, Definition 3.3.3.8]). Using this universal property we can deduce that / induces a map 
F : Mod[Q)® Mod{T>)® sending inert morphims to inert morphisms, and fitting in a commutative diagram 



Mod{Qf 



CAlg{e) X N{Fin^) 



ModiT))® 



(102) 



CAlg{T>) X N{Fin^) 



where the map /, is the transport of algebras explained in 13. 2. 71 We obtain the maps /a as the restriction of 
F to the fiber over A. In the commutative case, the [531 Theorem 4.4.3.1] explained in the previous section 
tells us that if C and 2) both satisfy (***), then both maps p and q are cocartesian fibrations. Our goal 
follows immediately from the following property 

Proposition 3.16. Let C® and 2)® be symmetric monoidal {oo, l)-categories such that both C and T) both 
admit geometric realizations of simplicial objects and the tensor product preserves them on each variable. 
Let f : C® T)® be a monoidal functor commuting with geometric realizations of simplicial objects. Then, 
the induced map map F sends p-cocartesian morphisms to q-cocartesian morphisms. 

Proof. Because of [62], Lemma 2.4.2.8], we are reduced to show that F sends locally p-cocartesian morphisms 
in Mod{C)® to locally g-cartesian morphisms in Mod{D)®. Thanks to the Lemma [63l 4.4.3.4], we are 
reduced to show that the induced maps 



ModA{e)® 



and 



Mod/(^)(D)« 



(103) 




N{Fin^) 



Mod{e) 



Mod{D) 



(104) 



CAlg{e) ^ CAlg{D) 

both send locally cocartesian morphisms to locally cocartesian morphisms. By the inspection of the proofs 
of (631 4.4.2.1] for the first case and |[63i 4.4.3.6, 4.3.7.14] for the second, we conclude that everything is 
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reduced to show that / sends the relative tensor product in C to the relative tensor product in D. By 
inspection of [521 Construction 4.3.5.7 and Theorem 4.3.5.8] we conclude that this follows immediately from 
our assumptions on /. 

□ 

3.4 Endomorphisms Objects 

In this section we review the theory of endomorphism objects as developed in [63|-Sections 6.1 and 6.2. 
Let C® be a monoidal (oo, l)-category. As reviewed in the section I3.3.6| to every object A e Alg{C) we 
can associate a new (oo, l)-category LModA{G) whose objects provide objects m in C equipped with a 
multiplication A (g) m — >■ to satisfying the usual coherences for modules. We can now generalize the notion of 
an ^-module to include objects m belonging to any (oo, l)-category M where C acts. More precisely, recall 
that C can be understood as an object in Alg{Catoo) and therefore C itself admits a theory of left-modules 
LMode{Catoo) - the objects of this (oo, l)-category can be understood as (oo, l)-categories M equipped with 
an action • : C x M ^ M satisfying the standard coherences for module-objects in Cat oo- We generalize 
the notion of an ^-module to include objects m G M endowed with a multiplication A • to — )■ to satisfying 
the standard coherences for modules in M. This can be made precise as follows. Let M be an object in 
LMode{Catoo)- Explicitly, M is a map of oo-operads 

Cat^ (105) 



whose restriction to Ass^ C £M® is the monoidal (oo, l)-category C*^ and whose evaluation at the color 
m is another (oo, l)-category M. Since Cat^ is cartesian, we have an equivalence Alg£M{Catoo) — 
MoncM{Catoo) and therefore we can use the Grothendieck construction to present the diagram M in the 
format of a cocartesian fibration of oo-operads 0^ LM'^ where we recover 0^ x Ass^ ~ C® and 
0^ X£3vt« {m} — ^ and the action • : C x M — ^ M is again extracted from the cocartesian property. 

In this setting, an object m G LMod{C,M.) :— Alg^£jyi{Ojjj) provides exactly the concept we seek: 
the restriction rn\jisg» is an algebra-object in 0^ X£m® -Ass® ~ C®; the value at m is an object to in 
0^ X£j^» {m} — M and the image of canonical morphism (a, m) — >■ m provides, via the cocartesian prop- 
erty of 0^ — £M®, a map A • to — ?> to which, also because of the cocartesian property, will satisfies all the 
standard coherences we seek. 

There are canonical projections LMod{C,M) — Alg{G) and LMod{C,M.) — >■ M induced, respectively, 
by the composition with the inclusion Ass^ C £M® and the inclusion {m} C £M® (see Def. 4.2.1.13 of 
[63]). For each associative algebra A in C, the fiber LModA(C,M) := LMod{G,M) XAig{e) {^} gathers the 
collection of objects to in M endowed with a left action of A satisfying the standard coherences of being a 
module-object. Similarly, for each object to G M, the fiber LAIod{Q,M.) Xm {to} codifies all the different 
ways in which the object to can be endowed the structure of an A-module, for some associative algebra A 
in e. 

Remark 3.17. If C® Ass® is a monoidal (oo, l)-category, the tensor operation provides C with the 
structure of a C-module. To make this precise we recall that 6® can be understood as an algebra-object in 
Catoo and since this last is cartesian, we can encode C® as a diagram Ass® — > Cat oo- We define M as the 
composition 

£M® ^ Ass® ^ Catoo (106) 
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where the first map is the canonical projection. Again because Catao is cartesian, this map provides an 
£M®-algebra in Catoo which we can see exhibits 6 as a module over itself. Finally, by performing the 
Grothendieck construction on M we find a canonical equivalence 

0|^~e«Xyi,,«£M« (107) 
Using the definitions we can easily find an equivalence 

LMod(Q) ~ LMod{e, M = G) (108) 

Remark 3.18. This construction uses the data of symmetric monoidal (oo, l)-category C*^ and a module 
M over it as initial ingredients. However, the defining ingredient is the data of the cartesian fibration 
0^ — £M®. Dropping the cocartesian condition we can reproduce the situation with the data of fibration 
of cxD-operads p : 0** LM."^. This gives rise to what in [63]-Definition 4.2.1.12 is called a weak enrichment 
of M := 0® X£3v[» {m} over 6® := 0® x^^a -Ass®. 

We now have the following important result: 

Proposition 3.19. (see 1 6^ -Corollary 6.1.2.42) Let Q he a monoidal {oo,l)- category and M be an object 
in LMode{Catao) with Mjyis^® = C®. Let m be an object m M = M(m). Then, the canonical map 
p : LMod{C,M.) x^yt {fn} — > Alg{G) is a right fibration (in particular it is a cartesian fibration and its fibers 
are oo-groupoids). 

In [63]-Section 6.1.2, the author proves this result by constructing a new monoidal (oo, l)-category C+[m] 
whose objects can be identified with pairs {X, r/) where X is an object in C and r] : X • m ^ m is a mor- 
phisms in M. The canonical map Alg{C~^[m]) — > ^1^17(6) is a right fibration (Prop. 6.1.2.39 of 63 ) and the 
conclusion follows from the existence of an equivalence of right-fibrations LA'Iod{C,M.)xM ~ Alg{C'^[m]) 
(Corollary 6.1.2.40 of [62). 

In the context of the previous result, we say that the object m admits a classifying object for endo- 
morphisms if the right fibration p is representable. Because of |62)-Theorem 4.4.4.5, this amounts to the 
existence an algebra-object End{m) G AlgiG) and an equivalence of right fibrations I/Mod(C,M) Xm {m} ~ 
Alg{Q) / End{m) ovcr Alg{&). In this case, for each associative algebra-object A in C we have a canonical 
homotopy equivalence 

MapAig(eM,End{m)) ~ {A] Xyi,,» LMod{Q,JA) Xm {m} (109) 
In other words, morphisms of algebras A — > End{m) correspond to A-module structures on m. 

Remark 3.20. Following the arguments in the proof of the previous result, and due to the Corollary 3.2.2.4 
of [S3], the existence of a classifying object for endomorphisms for m can be deduced from the existence of 
a final object in Alg{Q'^[m]). 

We will be mostly interested in finding classifying objects for endomorphisms in the case when 6 = M 
is Catoo with the cartesian product. In other words, we want to have, for any monoidal {00, l)-category 
A S Alg(Q = Catoo) and any (00, l)-category m G M = Catoo, a new monoidal (cxi, l)-category End{m) such 
that the space of categories m left-tensored over A is homotopy equivalent to the space of monoidal functors 
A End{m). As expected, End{m) exists: it can be canonically identified with the (00, l)-category of 
endofunctors of m - Fun(rn, m) - equipped with the strict monoidal structure End{M)^ Ass"^ induced by 
the composition of functors. See the Notation 6.2.0.1 and the Proposition 6.2.0.2 of [53] for the construction 
of this monoidal structure. Finally, the fact that End{m)® has the required universal property follows from 
the universal property of Fun(rn,m) as an internal-hom in Catoo, from the Proposition 6.1.2.39 and the 
Corollary 3.2.2.4 of [^ (see the Remark 6.2.0.5 of loc.cit). 
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3.5 Idempotent Algebras 



In this section we review the theory of idempotents as developed in [S3]- Section 6.3.2. Let 6*^ be a symmetric 
monoidal (oo, l)-category with unit 1 and let E be an object in C A morphism e : 1 — > i? is said to be 
idempotent if the product morphism ids e : E (g) 1 ^ E (E) E is an equivalence. Since 6*^ is symmetric this 
is equivalent to ask for e (8) idE to be an equivalence. We write (E, e) to denote an idempotent. The first 
important result concerning idempotents is that a pair (E, e) is an idempotent if and only if the product 
functor £' (g) — : C ^ C makes Ce - the essential image oi {E ® —) - a. full reflexive subcategory of C (see the 
Proposition 6.3.2.4 of [53]). Notice that Ge equals the full subcategory of 6 spanned by those objects in 6 
which are stable under products with E. By the Proposition 6.3.2.7 of loc. cit, this localization is monoidal 
and therefore Ge inherits a symmetric monoidal structure where the unit object is E and the product 
map {E (g) — ) extends to a monoidal map C® — > . Its right-adjoint (the inclusion) is lax-monoidal and 
therefore induces an inclusion 



and since E is the unit in we can use this inclusion to can equip E with the structure of a commutative 
algebra in C for which the multiplication map E®E E isan equivalence. In fact, by the Proposition 6.3.2.9 
of 63J , there is a perfect matching between idempotents and commutative algebras whose multiplication map 
is an equivalence (these are called idempotent- alg ebras) . More precisely, if we denote by C^^(7"*^'"(C) the full 
subcategory of commutative algebra objects in C whose multiplication map A ® A ^ A is an equivalence, 
the natural composition 



sending an commutative algebra object A to its unit 1 ^ A morphism, is fully-faithful and its image consists 
exactly of the idempotent objects in C. 

The main result for idempotents can be stated as follows: 

Proposition 3.21. (J63^-Prop. 6. 3. 2. 1 0) Let C® he a symmetric monoidal {oo,l)- category and let {E,e) be 
an idempotent which we now known can be given by the unit of a commutative algebra object A in G ( which 
is unique of to equivalence). Then, the natural forgetful map A/od^(C)® — > C*^ induces an equivalence 

ModA{G)® -> e|. 

3.6 Presentability 

The results in this paper depend crucially on the presentability of the closed cartesian symmetric monoidal 
(oo, l)-category Catao (see Prop. 3.1.3.7 and Cor. 3.1.4.4 of [62]). By the Proposition 5.5.4.15 of [62], the 
theory of presentable (oo, l)-categories admits a very friendly theory of localizations: every localization with 
respect to a set of morphisms admits a description by means of local objects and, conversely, every (small) 
local theory is a localization. This feature will play a vital role in the proceeding sections where we shall 
work with presentable symmetric monoidal (oo, l)-categories. 

Let % be the collection of all small simplicial sets. By definition (see Def. 3.4.4.1 of [63^) a presentable 
0-monoidal (oo, l)-category is an 0-monoidal (oo, l)-category compatible with lX!-colimits such that for each 
color a; e 0, the fiber Gx is presentable. In this case, it is a corollary of the Adjoint Functor Theorem that 
C*^ is necessary closed. 

Remark 3.22. Let be a presentable symmetric monoidal (oo, l)-category. By [BS] 3.2.3.5] ^^17/0(6) is 
a presentable (00, l)-category and by [63] 3.4.4.2] Mod'^(G)® is presentable 0-monoidal. 



CAlg{GE) CAlg{G) 



(110) 



Cv4Z5"*""(e) C CAlg{G) ~ CAlg{G)if d/ 



(111) 
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3.6.1 The Monoidal Structure in Tr^ 



Following the notations from [52] we write Tr^ for full subcategory of Cat'^{X) (with JC denoting the 
collection of all simplicial sets) spanned by the presentable (oo, l)-categories together with the colimit pre- 
serving functors. By [63l 6.3.1.14], Tr^ is closed under the monoidal structure in Cat^^ (X)'^ described by 
the formula ((75|) and therefore inherits a symmetric monoidal structure (CPr^)®: if Cq and Cq are two small 
oo-categories, the tensor product J'(Co) '8' 5'(Co) is given by J'(Co x Cq). More generally, if 6 and C are 
two presentable (oo, l)-categories and 5' is a small collection of morphism in 6, the product {S~^C) (g) C is 
the localization T^^(C C) where T is the image of the collection S x {idx}xeObj{e') via the canonical 
morphism 6 x C — ?► 6 (g) C. By the Theorem 5.5.1.1 of [62] this is enough to describe any product and also 
to conclude that the unit object is the (oo, l)-category of spaces § = !?(*). 

The objects in CAlg{yr^) can now be identified with the presentable symmetric monoidal (oo, 1)- 
categories. Plus, this symmetric monoidal structure is closed: for any pair of presentable (oo, l)-categories 
A and 23, the (oo, l)-category Fun^{A,'B) of colimit-preserving functors — !> 23 is again presentable and 
provides an internal-hom object in CPr^'® (see the Remark 6.3.1.17 of 63 ). Since CPr^ admits all small 
colimits (by the combination of the Corollary 5.5.3.4 and the Theorem 5.5.3.18 of f62]), we conclude that 
(Tr^)® is a symmetric monoidal structure compatible with all small colimits. 

The following result will also be important to us: 

Proposition 3.23. The symmetric monoidal (oo, l)-category CPr^'® admits classifying objects for endomor- 
phisms: for each presentable {oo,l)- category M, the {oo,l)- category End^{M.) of colimit-preserving endo- 
morphisms of M is the underlying (oo, l)-category of a presentable monoidal (oo, l)-category End^ (M)'^ — > 
Ass"^ whose monoidal operation is determined the composition of functors. Moreover, for any presentable 
symmetric monoidal (oo, 1)- category, we have a canonical homotopy equivalence 

MapsAig(y^L){Q®,End^{M)®) ~ {6®} Xjiss» LModiTr^ ,Tr^) x^^l {M} (112) 

Proof. For the part that concerns the monoidal structure on End^{M), we know from the Notation 6.2.0.1 
and the Proposition 6.2.0.1 of [63] that End{M) admits a monoidal structure End{M)® Ass'^ where the 
fiber over (n) is isomorphic to Y[{n) Fun{M, M). We take End'" [M)'^ , by definition, the full subcategory of 
End{M)® spanned by those sequences (/i,...,/„) where each /,; is a colimit-preserving endofunctor of M. 
The fact that the composition q : End^{M)® C End{M)® — > Ass® is still a cocartesian fibration follows 
immediately from the fact that the composition of colimit-preserving functors is colimit-preserving. It follows 
also that this monoidal structure is strictly associative because this holds for End{M)® (see Notation 6.2.0.1 
of [53]). 

To prove that this monoidal structure is presentable (see Definition 3.4.4.1 of [S3]) it suffices to observe 
that: {i) since M is presentable, End^{M) is also presentable (See [62|-Prop. 5.5.3.8); {ii) since the colimits in 
End^{M) are computed objectwise in M ([55]-Cor. 5.1.2.3 ) and the objects in End'"{M) are, by definition, 
colimit-preserving functors, the cocartesian fibration q is compatible with small colimits (See [63j-Definition 
3.1.1.18). 

To conclude, the fact that End^{M) provides a classifying object for endomorphisms results from the 
same arguments as in the Remark 6.2.0.5 of [63 : since End'"{AI) has the property of internal-hom object in 
7r^, it provides a final object in {Tr^)+[7r^]. The CoroUary 3.2.2.4 [53] applied to End^{M)'^ concludes 
the proof. 

□ 

3.6.2 The Monoidal Structure in Tr^ 

Let K be a regular cardinal. Following fET, 6.3.7.11]), the monoidal structure in Tr^ restricts to a monoidal 
structure in the (non-full) subcategory Trf^ C Vr^. Moreover, if % denotes the collection of K-small simplicial 
sets together with the simplicial set Idem, the equivalence 
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/nd« : Cat oc^iOC) -> Tr^ 



(113) 



of the discussion in l2.1.19] is compatible with the monoidal structures (where on the left side we consider the 
monoidal structure described in 13.2.81) . 

To see this we use the fact the monoidal structure in Tr'" is the restriction of the monoidal structure 
described in 13.2.81 for the {oo, l)-category of big {oo, l)-categories with all colimits together with colimit 
preserving functors. The discussion in the same section implies also that /nrf^ is monoidal, so that the 
product of K-compactly generated in Tr^ is again compactly generated. Moreover, if a; is a K-compact object 
in C and y is a K-compact object in C, their product x y is a K-compact object in the product C (g) G' 
and the collection of K-compact objects in C (8> C is generated by the objects of this form under K-small 
colimits. This implies that if C and C and D are K-compactly generated, the equivalence in ([75]) restricts to 
an equivalence between the full subcategory of Funx{C <8) C, D) spanned by those functors which preserve 
K-compact objects and the full subcategory of Funx^oci^ ^ C'l 25) spanned by the functors which preserve 
K-compact objects separately in each variable. 

Let now CPr^'® denote the (non-full) subcategory of Tr^'® spanned by the objects (Ci, C„) where each 
d is a K-compactly generated (oo, l)-category, together with the maps (Ci, .., C„) — >■ (2)i, Dm) over some 
/ : (n) — > (m) corresponding to those families of functors 

{ur- n ^ (114) 

in Cat'^ where each functor commutes with colimits separately in each variable and sends K-compact 
objects to K-compact objects, separately in each variable. It follows from the restriction of the equivalence 
in (??) to the subcategories of compact preserving functors, that if / : (n) (to) is a map in N{Fin,:) and 
X — (Ci, C„) is a sequence of K-compactly generated (oo. l)-categories, then the map in Tr^ corresponding 
to the family of universal functors 

jef-H{i}) ' je/-M{i} 

is in Tr^'® (because it commutes with colimits separately in each variable and preserves compact objects 
separately in each variable) and provides a cocartesian lift to / at X. It follows that the non-full inclusion 
Tr^- C is monoidal. 



3.7 Dualizable Objects 

We will recall the notion of duals. If 6® is a symmetric monoidal (oo, l)-category with a unit 1 , we say that 
an object X is dualizable, or that it has a dual, if there exist an object X together with morphisms 



-^X®X X(g>X^^^l (116) 



such that the compositions 



XcX(^l '""^"". X^X^X ^"^'"". J^X^X (117) 



Xc^ 1 ®X ^X(8)X®X ^X®1 ~X 

are homotopic to the identity maps in 6. These restrains are equivalent to ask that for any pair of objects 
Y and Z in C, the multiplication with the dual induces an homotopy equivalence 
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Mape{X ®Y,Z) ^ Mape{Y,X ^ Z) (118) 

In particular, if admits internal-hom objects and X has a dual, then we have for every object Y in 
C, a canonical equivalence Y-^ ^ X ^Y. 



3.8 Stability 

3.8.1 Stable Monoidal (cxd, l)-categories 

Let Cat^ denote the (oo, l)-category of small stable oo-categories together with the exact functors. The 
inclusion Cat^ C Catoo preserves finite products (as a result of the Theorem 1.1.1.4 of [53]) and therefore 
Cat^ inherits a symmetric monoidal structure {Cat^)^ induced from the cartesian structure in C at oo- By 
definition (see Def. 8.3.4.1 of [53]) a stable 0-monoidal oo-category is an 0-monoidal cx)-category q : ^ 0® 
such that for each color X G 0, the fiber Cx is a stable cx)-category and the monoidal operations are exact 
separately in each variable. In particular, the monoidal structure commutes with finite colimits. The small 
stable symmetric monoidal oo-categories can be identified with commutative algebra objects in (Cat^)^. 

If C® 0® is an 0-monoidal oo-category compatible with all colimits, then it is stable 0-monoidal if 
and only if for each color x € the fiber C^; is stable. This is obvious because, by definition, the monoidal 
structure preserves colimits on each variable and therefore is exact on each variable. These will be called 
stable presentable 0-monoidal oo-categories. We know that the stable presentable (oo, l)-categories form a 
full subcategory of Tr^^^ of Vr^ and by [63l 6.3.2.10, 6.3.2.17] it is closed under the tensor structure in Tr^ . 
Moreover, following [63l 6.3.1.17], if 6 and D are stable presentabled (oo, l)-categories, IS again 

stable presentable so that the monoidal structure in Tr^jj is closed. We can identify the stable presentable 
symmetric monoidal (oo, l)-categories with the objects in CAlg{'J'rg^i^). 

Remark 3.24. Let 6 be a stable 0-monoidal (oo, l)-category compatible with all colimits. Then, for any 
A G AZg/o(C) the symmetric monoidal (oo, l)-categories Mod'^{G)'^ is stable. This follows immediately from 
the fact that for each colour a; G 0, pushouts and puUbacks in Mod® (C)a; are computed in by means of the 
forgetful functor Mod^(C)® — > Cx (which is conservative). Moreover, since Mo(i5(C)® is again compatible 
with colimits, the multiplication maps of the monoidal structure are exact on each variable. Notice however 
that the same is not true for algebras because colimits are not computed directly as colimits in the underlying 
category. 

The canonical example of a stable symmetric monoidal (oo, l)-category is the (oo, l)-category of spectra 
Sp with the smash product structure. One way to obtain this monoidal structure is to prove that Sp is an 
idcmpotcnt object in J'r^''^ [63l Prop. 6.3.2.18]. Our results in this paper provide an alternative way to 
obtain this monoidal structure. We will return to this in the Example 14.261 



3.8.2 Compatibility with t-structures 

Let now C® be a stable symmetric monoidal (oo, l)-category and suppose that C is equipped with a t- 
structure ((C)<o, (C)>o). Following p)3l, 2.2.1.3] we say that the monoidal structure is compatible with the 
f-structure if the full subcategory e>o contains the unit object and is closed under the tensor product. In 
this case, it inherits a symmetric monoidal structure. Moreover, the truncation functors r<„ : (C)>o ^ (C)>o 
are monoidal [63l 2.2.1.8] and in particular, the subcategories (C>o H C<n) are monoidal reflexive localiza- 
tions of C>o [Ml 2.2.1.10]. In particular, the heart C'' inherits a symmetric monoidal structure and the 
zero-homology functor Mq : C>o is monoidal. 
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Given an cxD-operad 0®, we write Algo{Gy'" for the full subcategory of Algo{Q) spanned by the algebra 
objects whose underlying object in 6 is in C>o- Since C>o inherits a nionoidal structure, we have a fully- 
faithfull map A/go(C>o) ^ Algo{C) and its image can be identified with Algo{CY"- . It follows from the 
discussion in 13.1.61 that the right-adjoint r>o : 6 —5- C>o extends to a right-adjoint to the inclusion 

Algoier ^ Algoie) (119) 

Assume now that the ^-structure is left complete. In this case we have an equivalence C>o — /im„(C>o H 
C<„). In fact this equivalence in Catoo lifts to an equivalence in C Alg{Catoo) through the forgetful func- 
tor CAlg{Catoo) Catoo. Indeed, the functors r<„ : C>o — >■ C>o n C<„ are monoidal and limits in 
CAlg(Catoa) are computed in Catoo by means of the same forgetful map. In particular, since the forgetful 
map CAlg{Catoo) C Opoo has a left adjoint (see 13. 9p . it commutes with limits so that C®(, is the limit of 
(C>o n C<„)® in Opoo- In particular, for any oo-operad 0**, we have an equivalence 

Algo (e)™ ~ lirrinAlgo (e>o n e<„) (120) 

If we assume that C is presentable, then AZt^o (6) will also be presentable and in particular the subcategory 
of n-truncated objects T<nAlgo (C) is a reflexive localization of Algo{G). Moreover, since the truncation func- 
tor given by the t-structure is monoidal, it exhibits Algo{C>o D C<„) also a reflexive localization of Algo{C) 
fsee l3.7p so that the two subcategories are equivalent. Together with the equivalence (jl20p this implies that 
Postnikov towers converge in Algo{C)'^'" . 

Again, an important example is the (oo, l)-category of spectra Sp^ [63l Lemma 8.1.1.7]. More gener- 
ally, for any connective Efe+i-algebra R in Sp, the category of left modules LMorii{Sp) inherits a natu- 
ral left-complete ^-structure [63l 8.1.1.10,8.1.1.13] together with a compatible -monoidal structure [63l 
8.1.2.5,8.1.3.15]. 

3.9 Prom symmetric monoidal model categories to symmetric monoidal (oo, 1)- 
categories 

3.9.1 The (monoidal) link 

The link described in the Section [2?2] can now be extend to the world of monoidal structures. Recall that 
a model category M equipped with a monoidal structure ® is said to be a monoidal model category if the 
monoidal structure is closed, the tensor functor is a left-Quillen bifunctor and the unit of the monoidal 
structure is a cofibrant object in M. The main idea is that 

every symmetric monoidal model category "presents" a symmetric monoidal (oo, l)-category. 

Following the Example 4.1.3.6 of |63j, if M is a symmetric monoidal model category (see Definition 4.2.6 
of |41) ) then the underlying cx)-category of M inherits a canonical symmetric monoidal structure which we 
denote here as N{'M)\W~'^]® N{Fin^.). It can be obtained as follows: first recall that in a symmetric 
monoidal model category, the product of cofibrant objects is again cofibrant and by the Ken Brown's Lemma, 
the product of weak-equivalences between cofibrant objects is again a weak-equivalence. This implies that the 
full subcategory of cofibrant objects in M inherits a monoidal structure and we can regard it as a simplicial 
coloured operad (M"^)® enriched over constant simplicial sets. This way, its operadic nerve 7V'*((M'')'*) — > 
N{Fin^) provides a trivial oo-operad which furthermore is a symmetric monoidal (oo, l)-category with 
underlying oo-category equivalent to N{M^) (see the Example 13. 6p . Since the restriction of the monoidal 
structure to the cofibrant objects preserves weak-equivalences, we can understand the pair {N®{{'M,'^)'^), W) 
as an object in C Algiy^ Catoo) and we define the underlying symmetric monoidal (oo, l)-category of M as 
the monoidal localization (see I3.2.2|) 

N{JA)[W-^]® -.^ N®{{W')®)[W-^]® (121) 
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It follows from the definitions that its underlying oo-category is canonically equivalent to the underlying 
oo-category of M. Moreover, it comes canonically equipped with a universal monoidal functor 7V'^((M'^)® ) 
iV(M)[H/-i]®. 

At the same time, if M comes equipped with a compatible simplicial enrichment, then M°, although not 
a simplicial monoidal category (because the product of fibrant objects is not fibrant in general), can be seen 
as the underlying category of a simplicial coloured operad (M")*^ where the colours are the cofibrant-fibrant 
objects in M and the operation space is given by 

Map(Mo)»({Xj,g7,r) ■.= MapMi(^X„Y) (122) 

i 

which is a Kan-complex because Y is fibrant and the product of cofibrant objects is cofibrant. With this, 
we consider the oo-operad given by the operadic nerve iV®((M°)®). By the Proposition 4.1.3.10 of |63) . 
this oo-operad is a symmetric monoidal (oo, l)-category and the product of cofibrant-fibrant objects X,Y is 
given by the choice of a trivial cofibration X (E)Y ^ Z providing a fibrant replacement for the product in M. 
Moreover, the Corollary 4.1.3.16 of [ 65] provides an oo-symmetric-monoidal-generalization of the Proposition 
?rn\ The symmetric monoidal (oo, l)-category N{M)[W^'^]'^ is monoidal equivalent to iV'»((M°)®). 

A particular instance of this is when M is a cartesian closed combinatorial simplicial model category with 
a cofibrant final object. In this case, it is a symmetric monoidal model category with respect to the product 
and we can consider its operadic nerve iV®((M°)^). From the Example 2.4.1.10 of [53], this is equivalent to 
a Cartesian structure in the underlying oo-category of M - A^a (^° ) ■ 

A monoidal left-Quillen map ([JTj-Def. 4.2.16) between monoidal model categories induces a monoidal 
functor between the underlying symmetric monoidal (oo, l)-categories. This is because the monoidal local- 
ization was constructed as a functor C AlgCW CatocD) — > C Alg{Catoo). In the simplicial case we can provide 
a more explicit construction: 

Construction 3.25. Let M — > 3\f be a monoidal left-Quillen functor between two combinatorial simplicial 
symmetric monoidal model categories. Let G be its right adjoint. We construct a monoidal map between 
the associated operadic nerves 

Af®((M°)®) — ^A®((:N'°)®) (123) 




N{Fin^) 

For that, we consider the simplicial category A whose objects are the triples (i, (n), (Ai, A"„)) with 
i e {0, 1}, (n) e fin* and Ai,..., A„ are objects in M if i = and in 3\f if i = 1. The mapping spaces 

Map^((0, {n), (Ai, A„)), (j, (m), (Fi, y„))) (124) 

are defined to be the mapping spaces in Af0 (resp. N) if i,j = (resp. i,j — I). If i = 1 and j — 0, we 
declare it to be empty and finally, if i — and j = 1, we defined it by the formula 

MapAiiO, (n), (Ai, A„)), (j, (m), (Fi, r„))) Map^{{{n), (i^(A)i, i^(A)„)), ((m), (Fi, FJ)) 

(125) 

which by the adjunction {F, G) and the fact that F is strictly monoidal, are the same as 

Map^^(((n), (Ai, A„)), ((m), (G(y)i, G(y)„))) (126) 

consult the notation in the Construction [T2l 
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The composition is the obvious one induced from M and 'N. We consider the full simplicial subcategory 
A° spanned by the objects {i, (n), {Xi, ...,X„)) where each Xi is cofibrant-fibrant (respectively in M or N 
depending on the value of i). It follows that A° is enriched over Kan-complexes (because M and are 
simplicial model categories) and therefore its simplicial nerve is an (oo, l)-category. Moreover, it admits a 
canonical projection p : Na{A°) — > N{Fin^,) x A[l] whose fibers 

{0} XN^F^n,)xAll] Na{A°) ~ 7V«((M°)®) (127) 

and 

{1} XNiF^n,).All] N^iA") ~ 7V®((K°)«) (128) 

recover the operadic nerves of M and respectively. 

Proposition 3.26. The projection p : Na{A°) -> N{Fin^,) x A[l] is a cocartesian fibration of (oo,l)- 
categories. 

Proof. We follow the arguments in the proof of the Proposition 4.1.3.15 in IkT. We have to prove that for 
any edge u : (i, (n)) (j, (m)) in N{Fin^) x A[l] and any object C :— (i, (n), {Xi, ...,X„)) over (i, (n)), 
there is a cocartesian lift u of u starting at C. Notice that any such morphism u is consists of a pair 
{i i\ f : {n) — > (m)) with i — > i' an edge in A[l] and / a morphism in Fin^,. 

Since we already know that both fibers A^®((M°)®) and iV®((?\f°)®) are symmetric monoidal (oo, 1)- 
categories, our task is reduced to the case m : (« = 0, (n)) {j = 1, (m)) which is determined by the second 
componenent / : (n) — J> (m). 

Given an object C := (0, (n), {Xi, X„)) over (0, (n)) we have to find a new object C :— (1, (m), {Xi, Xm)) 
together with a cocartesian morphism in Na{A°) 

u:C^C' (129) 
defined over u. Recall that by definition, the connected component of the mapping space 

MapAr^(^o)((z, (n), {Xo, X„)), (j, (m), (Yi, Y„,))) (130) 
spanned by the maps which are defined over u was defined to be the mapping space 

Yl Afap^o(®„g^-i{,jF(X„),y,) (131) 

is (m) 

With this in mind, we define Xi to be a fibrant replacement for the product 

aF{X„) ^ X, (132) 

where each Ui is the trivial cofibration that comes out from the device of the model structure providing the 
functorial factorizations. Finally, we take u to be the point in MapN^{A°){{Qi i^o, {Xi, Xm))) 

corresponding the product of the trivial cofibrations Ui. Notice that each Xi is cofibrant-fibrant in ]\f because 
the product of cofibrants is cofibrant. We are now reduced to the task of proving that u is a cocartesian 
morphism. In our situation, this is equivalent to say that for any morphism u' — {idi, /') : (1, (n)) — > (1, (fc)) 
in A[l] X N{Fin^,) and any object C" := (1, (fc), {Zi, Zk)) over (1, (fc)), the composition map with u 

Mapi^^j,.){il, (n), (lo, X„)), (1, (fc), {Z,, Z^))) ^ A/ap]^°^^o)((0, (n), (Xq, X^)), (1, (fc), {Z,, Z^))) 

(133) 

is a weak-equivalence of simplicial sets (here we denote by Map]^^(.^o-)(— , — ) the directed component of 
MapM^{A°){—, —) of those maps which are defined over u'). 

It is immediate from the definitions that the previous map is no more than the map 
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n ^^aPwA(w°)('8)ie(/')-i({i})^^'^j) ^ n ^^°'PNA{y^'')i^'re{f'of)~H{j})FiX„),Zj) ~ (134) 

~ J]^ MapjvA(3M-°)(«'»e(/')-i(fa})(®ae(/)-i({j})^'(^a)),^i) (135) 
je(i,(fc» 

where the last isomorphism follows from the natural identification of the two products ®a£{f'of)-'^{{j})F{XiT) 
and (8'ig(/')-i({j})(®c(g(/)-i({i})-F'(XQ,)). Finally, we can see that this previous map is the one obtained by 
the product of the pos-composition with the trivial cofibrations Ui. Since the monoidal structure is given by 
a Quillen bifunctor, the product of trivial cofibrations is a trivial cofibration and therefore the map between 
the mapping spaces is a trivial fibration and so a weak-equivalence. To conclude, the product of trivial 
fibrations is always a trivial fibration. □ 

Finally, we can now extract the monoidal functor using the Proposition 5.2.1.4 of [52]. It is also 
clear from the proof of the Proposition 13.261 that the underlying functor of is the map F described in 
the Proposition 5.2.4.6 in [62 which we can identify with the composition of F with a fibrant replacement 
functor in N. 

3.9.2 Strictification of Algebras and Modules 

In some very specific cases the theory of algebras can be performed directly within the setting of model 
categories. In other words, it admits a strictification. An important result of [79] (Theorem 4.1) is that if 
M is a combinatorial monoidal model category satisfying the monoid axiom (Definition 3.3 of [79]), then 
the category Alg{J^) of strict associative algebra objects in M admits a new combinatorial model structure 
where: 

• a map in Alg(M.) is a weak-equivalence if and only if it is a weak-equivalence in M; 

• a map in AlgiM,) is a fibration if and only if it is a weak-equivalence in M; 

• the forgetful functor Alg{M) M is a right-Quillen map that preserves cofibrant objects. 

• this model structure in Alg{JA.) is simplicial if the model structure in M is. 

Using this results, we can create a comparison map between the underlying (oo, l)-category of Alg^M) 
and the (oo, l)-category of algebra-objects in the underlying (cxd, l)-category of M. More precisely, us- 
ing the fact the forgetful functor Alg{JA.) — J> M preserves cofibrant objects, we have natural inclusions 
Alg{M.y C Alg{'M'') C Alg{M.) which preserve weak-equivalences. Passing to the localizations (in the sense of 
I2.1.10p . the cofibrant-replacement functor produces equivalences N{Alg{My)[W-lJ ~ N{Alg{M''))[W-^] ~ 
N {Alg{M.))[W~^] where W^dig denotes the class of weak-equivalences between cofibrant algebras and Wc is 
the class of weak-equivalences between algebras whose underlying objects in M are cofibrant. Finally, using 
the fact that the localization map N{M'^) N{M'^)[W~^] is monoidal, it provides a map Alg{N{'M.'^)) 
Alg{N{M.'')[W~^]) which sends weak-equivalences in M between cofibrant objects to equivalences. The 
universal property of the localization provides a canonical map 

N{Alg{MY)[W^^l] ~ Alg{N{M''))[W~^] - - ^ Alg{N{M'')[W-^]) (136) 




Alg{N{M')) 

rendering the diagram homotopy commutative. By the Theorem AAAA of if M is a combinatorial 
monoidal model category and either (a) all objects are cofibrant or (6) M is left-proper, the cofibrations are 
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generated by the cofibrations between cofibrant objects and M is symmetric and satisfies the monoid axiom, 
then, this canonical map is an equivalence of (oo, l)-categories. In the next section we will see this result 
applied to the theory of differential graded algebras. 

Remark 3.27. This strictification result can be extended to a monoidal functor. More precisely, recall from 
I3.2.5l that the category of algebras inherits a monoidal structure induced from the one in the base monoidal 
category. As in the Remark [XTUl the functor AlgiNiM")) Alg{N{M'')[W~'^]) extends to a monoidal 
functor and using the monoidal localization of 13.2.21 we can also promote the map in (|136p to a monoidal 
functor. 

There is also a strictification result for bimodules over associative algebras. Given two strictly associative 
algebra objects A and i? in a combinatorial monoidal model category M, we can set a model structure in the 
classical category of bimodules in M, BiMod{A, B){M.) , for which the weak-equivalences WMod are given 
by the weak-equivalences of M Prop. 4.3.3.15] and by the Theorem 4.3.3.17 of [53] we have 

N{BiMod{A, B){M))[W-jIJ ~a BModB{N{M)[W-^]) (137) 

A similar result holds for commutative algebras (Thm AAA.7 of 63 ) whenever the strict theory admits 
an appropriate model structure (as in the Prop. AAA.Q of 63 ). In particular, it works also for modules over 
commutative algebras. 

Remark 3.28. In the general situation, there are no model structures for algebras or modules. This is exactly 
one of the main motivations to develop a theory of algebras and modules within the more fundamental setting 
of (oo, l)-categories. The theory of motives is one of those important cases where model category theory 
does not work. 

Remark 3.29. Recall that an (oo, l)-category is presentable iff there exists a combinatorial simplicial model 
category M such that 6 is the underlying oo-category of M (which means, C ~ iVA(M°)) (see Prop. A. 3. 7. 6 
of [62]). There is a similar statement for presentable monoidal (oo, l)-categories, replacing the simplicial 
nerve by the operadic nerve (see [63l 4.1.4.9] for a sketch of proof). 

3.10 Higher Algebra over a classical commutative ring k 

The discussion in this section will be important in the last part of our paper. Let fc be a (small) commutative 
ring and denote by Mod{k) the ordinary category of small sets endowed with the structure of module over 
k. We will write Ch{k) to denote the big category of (unbounded) chain complexes of small fc-modules. This 
is a Grothendieck abelian category. Recall also the existence of a symmetric tensor product of complexes 
given by the formula 

{E E')n := ^ {E, (^k E,) (138) 

where (>5fc denotes the tensor product of fc-modules. This monoidal structure is closed, with internal-hom 
HcnRch(k){-^j given by the formula 

Homchik)iE,E% ■.= Y[Homk{E,,E,+^) (139) 

where the differential d„ : Hom r>k(^f.^ (E, E')n —>■ HomLCh{k){ET E')n+i sends a family {/;} to the family 
{rfo/,-(-l)»/,+i}. 

The category Ch{k) carries a left proper combinatorial model structure [H] Theorem 2.3.11] where the 
weak-equivalences are the quasi-isomorphisms of complexes, the fibrations are the surjections (and so every 
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object is fibrant). We will call it the projective model structure on complexes. The cofibrant complexes 
(see the Lemma 2.3.6 and the Remark 2.3.7 of '41') are the DG-projective complexes. In particular, every 
cofibrant complex is a complex of projective modules (and therefore flat) and any bounded below complexes 
of projective fc-modules is cofibrant. Moreover, by the Proposition 4.2.13 of loc.cit, this model structure is 
compatible with the tensor product of complexes and so Chik) is a closed symmetric monoidal model cate- 
gory. Following l3.9.H the proper way to encode the study of complexes of /c-modules up to quasi-equivalences 
is the underlying (oo, l)-category D{k) of the model category Ch{k). This is a particular case of the Example 
12.41 with X =^ Spec{k). In particular, D(k) is stable with a compact generator k and with compact objects 
the perfect complexes. Moreover, because the model structure is compatible with the tensor product of 
complexes, T>{k) acquires a symmetric monoidal structure D{k)'^ (as explained in l3.9.ip . 

Remark 3.30. This method to obtain D{k) is not the one described in 12.11 This is because the projective 
model structure does not agree with the injective one. However, since the weak-equivalences are the same, 
the resulting (oo, l)-categories obtained by localization are equivalent. 

We now review the theory of algebra objects over k. By definition, a strict dg-algebra over A: is a 
strictly associative algebra-object in Ch{k) with respect to the tensor product of complexes. We will denote 
the category of dg-algebras as Alg{Ch{k)). As explained in the Example 13. 8[ the nerve N{Alg{Ch{k))) 
is equivalent to Alg{N{Ch{k)) so that the notations are coherent. Thanks to [79l Thm 4.1] the model 
structure in Ch{k) extends to a model structure in Alg[Ch{k)) with fibrations and weak-equivalences given 
by the underlying fibrations and quasi-isomorphisms of complexesl^. This model structure satisfies the 
condition (6) of the previous section (see [SSI 8.1.4.5]). In this case, denoting its underlying (oo, l)-category 
by N {Alg{Ch{k)Y)\W~^], the strictification result provides an equivalence 

N{Alg{Ch{k)Y)[W-^] ^ Alg{V{k)) (140) 



Remark 3.31. The situation for commutative algebras is not so satisfatory. In general the model structure 
on complexes does not extend to the category of strictly commutative algebra objects in Ch{k). However, 
if k contains the field of rational numbers Q, the model structure extends [521 Prop. 8.1.4.11] and the 
strictification result holds [63l 8.1.4.7]. Writing CDGAk to denote its the underlying (oo, l)-category, the 
canonical map given by the universal property of the localization 

CDGAk CAlg{Ti{k)) (141) 

is an equivalence. 

The (oo, l)-category D{k) carries a natural right-complete i-structure where D(fc)>o is the full sub- 
category spanned by the complexes with zero homology in negative degree. Its heart is the category of 
modules over k and the functor IHI„ : C ^> corresponds to the classical ni/i- homology functor Hn- This 
t-structure is also left-complete. Indeed, this follows because fc is a generator in D{k) and using the the 
formula Hi{X) ~ 7ri(MapD(fc) (fc, X)), Vi > we see that if all the homology groups of an object X are 
zero so is X. Moreover, the monoidal structure in T>{k) is compatible with this i-struture (it follows di- 
rectly from the general Kunneth formula for complexes, or alternatively, using the same methods as in |63[ 
8.1.1.7]). Following the discusion in I3.8.2[ the left-completness implies that for any oo-operad 0®, we have 
T<nAlgQ{D{k)Y''^ ~ Algo{D{k)>Q n I)(fc)<„) and that Postnikov towers converge 

A/5o(23(fc))™ ~ UmnAlgo{'0{k)>o n 2)(fc)<„) (142) 

^*This model structure is left proper if A; is a field 
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In particular, the heart D(fc)^ = D(fc)>o H D(fc)<o inherits a symmetric monoidal structure which we 
can identify with the classical tensor product of fc-modules. In the associative (resp. commutative) case the 
category of algebras T<oA/g(I)(fc))™ (resp. T<oCAlgjiss{'^{k)Y") can be identified with the nerve of the 
classical category of associative (resp. commutative fc-algebras). Moreover, since the map Hq : C>o is 
monoidal, it extends to a map of algebras Hq : Algo{Cy^ Alg{C'^) so that if A is a connective associative 
(resp. commutative) algebra object in D{k), Mo{A) is an associative (resp. commutative) algebra in the 
classical sense. 

As in the non-connective case, the theory of connective algebras admits a strictification result. More 
precisely, Alg{D{k)y"- is equivalent to the underlying (oo, l)-category SRk of a simplicial model structure in 
the category of simplicial associative algebras over k, where the with equivalences are the maps of simplicial 
algebras inducing a weak-equivalence between the underlying simplicial sets [53] 8.1.4.18]. 

Remark 3.32. As in I3.31[ if k contains the field of rational numbers, CAlg{D{k)y" is equivalent to the 
underlying (cxo, l)-category SCR^ of a simplicial model structure in the category of simplicial commutative 
fc-algebras, with weak-equivalences given by the weak-equivalences between the underlying simplicial sets 
[631 8.1.4.20]. In fact, the model structure for simplicial commutative algebras exists for any ring k and it 
can be proved that SCRk is equivalent to the completion of the ordinary category of commutative fc-algebras 
of the form k[Xi, ...,X„], n > 0, under sifted colimits [60'i 4.1.9]. 

Remark 3.33. The study of higher algebra over a commutative ring k can be understood as a small 
part of the much vaster subject of higher algebra in the (cxd, l)-category of spectra Sp. Indeed, we can 
understand a commutative ring k as 0-truncated connective commutative algebra object in Sp^ and using 
the same ideas as in [78] we can deduce an equivalence of stable presentable symmetric monoidal (oo, 1)- 
categories Modk{Sp)® ~ T){k)^ defined by sending a complex E to the mapping spectrum subjacent to 
Map-r)(k){k, E) (see [531 8.1.2.6, 8.1.2.7,8.1.2.13]). Moreover, the category of modules Modk[Sp) inherits a 
left-complete t-structure induced from the one in Sp (see j^Sl 8.1.1.13]) and we can easily check that the 
formula E i— > Map-D(^k)ik, E) is compatible with the i-structures. In particular, this implies that for any 
oo-operad 0^, we have an equivalences Algo{'D{k)) ~ Algo{Sp)k/ and Algo{D(k))"'- ~ Algo{Sp)l'^^. 

3.11 Cotangent Complexes and Square-Zero Extensions 

In the last part of the paper we construct a functor Lpe connecting the classical theory of theory of schemes 
to the noncommutative world. One of the steps (see Prop. I6.36P requires the following noncommutative 
analogue of [21 Prop. 2.2.2.4] and [51 8.4.3.18]: 

Lemma 3.34. Let A be an object in Alg(T){k)Y"' . The following are equivalent: 

1) A is a compact in Alg{1){k)); 

2) Ho(j4) is a finitely presented associative algebra over k and the cotangent complex is a compact object 
in Mod-^''{'D{k)); 

In order to prove this we need to say what is the cotangent complex of a connective dg-algebra. This is 
a particular instance of a more general notion. Following [32] we recall how to define the cotangent complex 
of an 0-algebra-object in a stable symmetric monoidal (cxa, l)-category C® compatible with colimits. 

Let C® be a stable symmetric monoidal (oo, l)-category compatible with colimits. Let 0® be a K-small 
coherent oo-operad and let A S Algo{Q) be an algebra-object in C. Given a module-object M e Mod5(C) 
and using the hypothesis that the monoidal structure is compatible with colimits we can guess that the direct 
sum A® M comes naturally equipped with the structure an 0-algebra-object in C where the multiplication 
is determined by 

{A ® M) ®{A® M) ~ {A® A) ® {A® M) ® {A® M) ® {M ® M) ^ A® M (143) 
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where in the last step we use the multiplication A A A, the module action A(E) M ^ M and the zero 
map M (E) M ^ M. This new 0-algebra-object comes naturally equipped with a morphism of 0-algebras 
AQ)M — A which we can informally describe via the formula (a, m) — a. Its fiber can be naturally identified 
with the module M . This construction should give rise to a functor 

Mod'^ie) ^ Algo{e),/A (144) 

In |32)-Theorem 3.4.2 the author provides a precise way to perform this construction, proving that for 
any stable symmetric monoidal (oo, l)-category C*^ compatible with colimits and any coherent cxD-operad 
0*^, there is a canonical equivalence 

Stab{Algo{e)./A) - Funo{0, Mod'i{e)) (145) 

for any 0-algebra A in C (see also [531 8.3.4.13]). In particular, if the operad only has one color, we have 
an equivalence between the category of modules and the stabilization. Also in this case, this equivalence re- 
covers the functor in (|144p as the delooping functor (See Section l4.13l for an explanation of the notations). 

By definition, a derivation of A into M is the data of a morphism of 0-algebras A —i' A ® M over A. 
It is an easy exercice to see that this notion recovers the classical definition using the Leibniz rule. We set 
Der{A, M) :— MapAiga(e) /^(^'^ ® ^'^) denote the space of derivations with values in M. The formula 
M I— >■ Der{A, M) provides a functor {Mod^{C))°P — ?> S which, through the Grothendieck construction, 
corresponds to a left fibration over Mod'^{C). By definition, the (absolute) cotangent complex of A is an 
object L,A G Mod'^{C) which makes this left fibration representable. In other words, if it has the universal 
property 

MapMod2(e)i^A, M) ^ MapAig,,ie),/A^, A ® M) (146) 

which allows us to understand the formula A M- as a left-adjoint La to the functor in (11441) . evaluated in 
A. In particular, if C is presentable this left-adjoint exists because of the adjoint functor theorem together 
with the fact that (|144p commutes with limits [311 Lemma 3.1.3]. Moreover, under the equivalence between 
modules and the stabilization of algebras. La can be identified with the suspension functor 



Example 3.35. When applied to the example C® = CD(fc)® and for Ei ~ Ass, this definition recovers the 
classical associative cotangent complex introduced by Quillen and studied in |57j , given by the kernel of the 
multipHcation map A®k A°p A in the (oo, l)-category Mod-^'"'{D{k)). Recall also that Mod-^^%Ti{k)) is 
equivalent to ABModA{'^{k)) which by the discussion in l3.9.2l is equivalent to the underlying (oo, l)-category 
of the model category of strict A-bimodulcs in the model category of complexes Ch{k). This example will 
play an important role in the last section of this paper. 

Remark 3.36. The construction of cotangent complexes is well-behaved with respect to base-change. If 
f : A A' is a. morphism of 0-algebras we can put together the functors A(B ~ and A' © — in a diagram 



Mod'^{e)^^Algo{e).fA 



(147) 



For 



i-XA'A) 



Mod%{e)^Algo{e)./A' 

where For is the map that considers an A'-module as an A-modules via / and the map (— A) is obtained 
by computing the fiber product of a morphism C ^ A' with respect to /. The fact that this diagram 
commutes follows from the equivalence relating modules and the stabilization of algebras and from the 
definition of tangent bundle studied in [631 Section 8.3.1]. Moreover, the commutativity of this diagram 
implies the commutativity of the diagram associated to the left-adjoints 
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Mod°{e) 



La 



(148) 



A'i 



Mod%{e) 



Algoie)./A' 



where now A' <^a — is the base change with respect to / and the (/ o — ) is the map obtained by composing 
with /. In particular, we find that A' (E)a is equivalent to La' evaluated at / : ^ A' . 

Remark 3.37. The notion of cotangent complex has a relative version. For any O-algebra R, the {oo, 1)- 
category Afod^(C) is again a stable symmetric monoidal (cxd, l)-category compatible with colimits. In par- 
ticular, under the equivalence Algo{Mod'^{C)) ~ Algo{C)ji^ , for any i?-algebra f : R ^ A the previous 
discussion provides a functor 



ModO(e) ~ ModO(A/o4(e)) ^ Algo{Mod°{e)),/A ^ {Algo{e)n^X^A (149) 

sending a A- module M to the i?-algebra A(BM defined over A. The relative cotangent complex of / : i? — > ^ is 
by definition the absolute cotangent complex of / as an algebra-object in Algo{Mod'^{G)) ~ (^^go(C)i?/.)./A- 
This definition recovers the absolute version when R is the unit object. In what follows we will only need 
the absolute case. 

In ^32i Theorem 3.1.10] the author provides a characterization of for any E„-algebra ^ in a stable 
presentable symmetric monoidal (oo, l)-category C® such that C is generated under small colimits by the 
unit: I]"(L^) is the cofiber of the canonical map Free{l) — s- ^ in Mod^{G), where 1 is the unit of the 
monoidal structure and Free : C — >■ Mod^{C) is the left-adjoint to the forgetful functor Mod^{e) G. 
This adjoint exists because colimits of modules are computed in C (See also [63, Theorem 8.3.5.1]). 

The notion of derivation can be presented using the idea of a square-zero extension, li d : A A(B M is 
a derivation, we fabricate a new O-algebra A as the puUback in Algo{C) 

A (150) 

d 

A ^ A®M 

where do : A ~> A(B M is the zero derivation a (a, 0). Since the functor Algo{G) — ?> C preserves limits, 
the diagram (|150p provides a pullback diagram in 6 and given a morphism * — > A in 6, we can identify the 
fiber A * in 6 with the loop f2(Af). Indeed, we have a pullback in C 

/ 

Axa* ^ {A *) ~ * (151) 

d 

* {Axa *) — ^ {A © M) xa * 
and since the fiber of the canonical map A® M ^ A can be identified with M, we find A xa* — ft{M). 



A morphism of algebras B A is said to be a square-zero extension of A by fl(M) if there is a 
derivation d of A with values in M ~ Y,{n{M)) such that B ^ A. Thanks to [Ml Theorem 8.1.4.26] if 

is a stable presentable Efe-monoidal (cxd, l)-category with a compatible t-structutre, then the formula 
{A ^ A ® M) 1— >■ (/ : A — s- A) establishes an equivalence between the theory of derivations and the sub- 
category of Fun{A[\], Alg^^^{Q)) spanned by the square-zero extensions (see [531 Section 8.4.1] for a precise 
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formulation) . 



Remark 3.38. In the presence of a square-zero extension (|150p . every 0-algebra B induces a puUback 
diagram of spaces 

MapMg„^e){B,A) ^ MapAig^^e){B, A) (152) 



MapAig„^e){B, A) ^ MapAig^ie}{B,A(B M) 

Let (f) : B ^ Ahe a, morphism of algebras. It follows that we can describe the fiber of the morphism 
MapAigo{e){B, A) -> MapAigo(e){B,A) over the point corresponding to (f) with the help of the cotangent 
complex of B. More precisely, we observe first that the mapping space MapAig^i^e) /^(^i A © M) (where B 
is defined over A via 0) fits in a pullback diagram 

MapAig„(ey^^{B,A®M) ^ MapAig,,{e){B,A® M) (153) 



A[0] ^MapAig,,(e){B,A) 

where the right vertical map is the composition with the canonical map A ® M ^ A. By tensoring with 
(~ ^ MapAig^(e){B.A) ^[0]) the diagram (|152p produces a new pullback diagram 

MapAlg^{e){B,A) XMap^.^^fe^iB.A) A[0] ^MapAlg^(e){B,A) Mapj,,,^^e)(B.A) A[0] ^ A[0] 

" " 

MapAig,,(e){B,A) XMapA,,^^,,(B.A) A[0] ~ A[0] ^ MapAig„ie),,AB,A® M) 

(154) 

so that the fiber MapAig„(e){B, A)-x MapAi,„ie)(B,A)^P\ becomes the space of paths in MapAig„(e),/AiB, A® 

M) between the point B — ^ A ^ A® M and the point B > A ^ A®M. To conclude, we 

can use the adjunctions of the Remark 13.361 to find equivalences 

MapAig^iO ,AiB,A®M) ~ MapModl{e){LA{<f>), M) ~ MapMod°,{e){A®Bl^B,M) - MapModl{e){^B.For{M)) 

(155) 

so that we find an equivalence 

MapAigo{e)iB, A) XMapAi,^,e){B.A) A[0] ~ no,do^MapMod%{e)i^B, For{M)) (156) 

We now collect the last ingredient to prove the Lemma 13.341 

Theorem 3.39. (Lurie 16!A Corollary 8.4--1-28]) Let he a stable presentable symmetric monoidal (oo, 1)- 
category equipped with a compatible t-structure (in the sense of \3.8.2\) . Then for every k > and any algebra 
A e AlgE^iCy"" the morphisms in the Postnikov tower 

... T<2A T<iA T<oA (157) 



are square-zero extensions. More precisely, and following the Remark \2.9l for every n > the truncation 
map T<nA — )> T<n-iA is a square-zero extension of T<n-iA by a module- structure in M.n{A)[n\. This is 
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equivalent to the existence of a derivation d„ : r<„_ij4 — > T<n-iA ©H„(A)[n + 1] and a puUback diagram of 
algebras 

T<nA ^r<„_i^ (158) 

A®Mn{A)[n + l] 
We have now all the ingredients to prove the lemma. 

Proof of the Lemma \3.34\ We follow the same methods as in [93l Prop. 2.2.2.4]. We first prove that 1) 
implies 2). 

The fact that Hq (A) is finitely presented as an associative algebra follows from the fact that Ho commutes 
with colimits (it is a left-adjoint), together with the fact that ttq commutes with colimits in the (oo, l)-category 
of spaces. The fact that is compact follows from the universal property of the cotangent complex together 
with the following facts: 

i) As explained before, the functor {A ® —) of (I144p can be identified with a delooping functor rt°°. 
Therefore it commutes with filtered colimits; 

ii) by assumption, A is compact; 

We now prove that 2) implies 1). To start with, we observe that since A is by assumption connective, it 
is enough to check that A is compact in the full subcategory Alg{D{k)y^ spanned by the connective objects. 
Indeed, recall from I3.8T21 that the truncation functor r<o is a right-adjoint to the inclusion Alg{'D{k)y^ C 
Alg{D{k)). We can easily check that t<o commutes with filtered colimits (because the homology groups 
commute with filtered colimits) so that for any filtered system in Alg{D{k)) we have 

MapAig{D(k)) {A, colimiCi) ~ MapAig(rD(k))<=^ {A, T<ocolimiCi) ~ MapAig(rD(k))<=^ {A, colimiT<QCi) (159) 
so that A is compact in Alg{D{k)Y" if and only if is is compact in Alg{D{k)). 

We start now by proving that A is almost compact, meaning that A is compact with respect to any 
filtered system in Alg{'D{k))'^^, for every n > 0. We proceed by induction. The case n = follows by the 
hypothesis. Let us suppose we know this is true for n — l and prove it for n. Let {Ci}i^i be a filtered system 
in Alg{D{k))'^^. The discussion in 13.101 together with the Theorem 13.391 implies that for each i, Ci admits 
a Postnikov decomposition 

) ^ T<n-l{Ci) ^ ... ^ T<Q{Ci) (160) 

where each morphism is a square-zero extension providing a pullback diagram 

C, = (C0<„ ^ (a)<„-i (161) 

dr. 

(a)<„-i (co<„-i ©H„(a)[n-H 1] 

in Alg{'I>{k))"^ where the lower horizontal map is the zero map and right vertical map corresponds to the 
canonical derivation dn associated to the square-zero extension Ci — >■ T<„_iCi. This diagram induces a 
pullback diagram of spaces 
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MapAig{'D{k)){ACi) 



MapAlg{J){k)){AT<n~l{Ci)) 



(162) 



MapAig{T>{k))iA, {Ci)<n^i) ^ MapAig('D(k))iA,T<n-i{Ct) (BE.n{Ci)[n + 1]) 

and the Remark 13.381 implies that the fiber of the map 

MapAigCD(ky){ACi) ^ MapAig{T){k)){AT<n-i{Ct)) (163) 

over a map u : A ^ T<„_i(Ci) is given by the space of paths in Map^Q^^^ss (L^, H„(Ci)[n + 1]) between 
the zero derivation and the point corresponding to the composition d„ o u. This reduces everything to the 
analysis of the diagram 

co;im/r2o^d„o«Map^fod:^==(i)(fc))(]LA,H„(Ci)[n + 1]) ^ rio,d„o«Ai"apAfo<==(i)(fc))(ILA,IHI„(co/im/Ci)[n + 1]) 



colimiMapAig(v(k)){A Ci) MapAig{-D{k)){A,colimiCi) 



colimiMapAig{i){k)){A,T<n-i{Ci)) ^ MapAig(v(k)){AT<n~i{colimiCi)) 

(164) 

We observe that 

a) The left column is a fiber sequence because filtered colimits are exact in the (oo, l)-category of spaces. 
For the same reason, there is an equivalence between the top left entry in the diagram and 

f^o,d„oMConm/Map^,^o^^..(D(j,))(LA,H„(Ci)[n + 1]) (165) 

b) The right column is also a fiber sequence. This follows from the result of 13.391 and the Remark 13.381 
applied to the colimit algebra colimiCi] 

c) The top entry on the right is equivalent to 

rio,d„o,iMapA;-od-4»»(23(i,))(LA, co/im/H„(Ci)[»T- + 1]) (166) 

This is because the functor ]H[„ is equivalent to the classical nf/i-homology functor and therefore commutes 
with filtered colimits. 

Finally, the induction hypothesis together with the fact that (— )<« is a left- adjoint (and therefore com- 
mutes with colimits), implies that the lower horizontal arrow is an equivalence. The assumption that 'La is 
compact implies that the top horizontal map is also an equivalence. It follows that the middle one is also an 
equivalence. This proves that A is almost compact in Alg{T){k)y'^ . 

We now complete the proof by showing that A is compact. Since the (cx), l)-category Mod^''"((D(A:))) 
is equivalent to the underlying (oo, l)-category of the model structure on strict v4-bimodules in Ch{k) (see 
I3.35P and the last is compactly generated in the sense of 12.2.31 the Proposition 12.131 implies that is 
a compact object in Afo(i^'"'((D(/c))) if and only if it is given by a finite strict cell object in the model 
category of bimodules. In this case, with our hypothesis that I^a is compact, we can find a natural number 
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no > such that for any object M € Mod^'^^{T){k)) concentrated in degrees strictly bigger than no we 
have 7ro-/i/ap4,jQ^^s<i(23(fe))(LA, -M) — 0. In particular, for any connective algebra C, the kernel of the map 
C — )■ T<„(,(C) is concentrated in degree no + 1 and the fiber sequence of the Remark [3.381 implies 

7ro^aPAi3(D(fc)) {A, C) ~ ■naMapAig^^^^)) {A, t<„„ (C)) (167) 

We now use this to show that A is compact. Let {Ci}ig/ be a filtered system in Alg{D{k)Y'^ . Using the 
fact that 7r„ commutes with filtered homotopy colimits of spaces and that Alg{D{k)Y'^ admits all limits (it 
is a co-reflexive localization of Alg{T){k))), we are reduced to show that the natural map 

colimiTToMapAig('D(k)){A,^l"Ci) TToMapAig(^D{k)){A, colimjn"Ci) (168) 

is an equivalence. We show that the formula is true for any filtered system of algebras {C/i}ig/, because we 
have a commutative diagram 

colimiTTQMapAig(rD(k)) (^, Ui) TToMapAigCDik)) {A, colimiUi) (169) 



colimiiToMapAig{D{k)) [A, t<„o {Ui)) ~ > T^oMapAig{D{k)) {A, colimiT<no {Ui)) 

where the vertical arrows are equivalences because of (|167p together with fact that t<„(, is a left-adjoint, and 
the lower horizontal map is an equivalence because A is almost compact. This concludes the proof. 

□ 

This completes our preliminairs. 

4 Inversion of an Object in a Symmetric Monoidal (oo, l)-category 
and the Relation with Symmetric Spectrum Objects 

We finally come to the main section of our paper. In 14.11 we deal with the formal inversion of an object in 
a symmetric monoidal (oo, l)-category. First we deal with the situation for small ((X), l)-categories (Propo- 
sitions HIT] and 1121) s-i^d then we extend the result to the presentable setting (Prop. I4.10|) . This method 
allow us to invert any object and the result is endowed with the expected universal property. In l4.2l we deal 
with the notion of spectrum-objects. Our main result (Cor. I4.24p is that if the object we want to invert 
satisfies a symmetric condition then the underlying (cxi, l)-category of the formal inversion is nothing but the 
stabilization with respect to the chosen object. Finally, in 14.31 we prove our main theorem (see 14.28]) . which 
ensures that the familiar construction of symmetric spectrum objects with respect to a given symmetric 
object X together with the convolution product, is the "model category" incarnation of our oo-categorical 
phenomenom of inverting X. 

4.1 Formal inversion of an object in a Symmetric Monoidal (oo, l)-category 

Let C*^ be a symmetric monoidal (cx), l)-category and let X be an object in C. We will say that X is invertible 
with respect to the monoidal structure if there is an object X* such that X ® X* and X* ® X are both 
equivalent to the unit object. Since the monoidal structure is symmetric, it is enough to have one of these 
conditions. It is an easy observation that this condition depends only on the monoidal structure induced on 
the homotopy category /i(C), because equivalences are exactly the isomorphisms in h{Q). Alternatively, we 
can see that an object X in C is invertible if and only if the map "multiplication by X" = (X (g) — ) : C — J> C is 
an equivalence of (oo, l)-categories. Indeed, if X has an inverse X* then the maps {X ® — ) and {X* ® —) are 
inverses since the coherences of the monoidal structure can be used to fabricate the homotopies. Conversely, 
if {X ® —) is an equivalence, the essential subjectivity provides an object X* such that X ® X* ~ 1 . The 
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symmetry provides an equivalence 1 c:^ X* ® X . 

Our main goal is to produce from the data of C® and X, a new symmetric monoidal (oo, l)-category 
g(»^^-ij together with a monoidal map 6® — J> C®[X~^] sending X to an invertible object and universal with 
respect to this property. In addition, we would like this construction to hold within the world of presentable 
symmetric monoidal (oo, l)-categories. Our steps follow the original ideas of 93 , where the authors studied 
the inversion of an element in a strictly commutative algebra object in a symmetric monoidal model category. 

We start by analyzing the theory for a small symmetric monoidal (oo, l)-category C®. In this case, and 
following the Remark [3. 2. 21 6® can be identified with an object in CAlg{Catoo). The objects of Mode{Catao) 
can be identified with the (oo, l)-categories endowed with an "action" of C and we will refer to them simply 
as -Modules. By the Proposition l3.14l . CAlg{ModQ»(Catoo)) is equivalent to CAlg{Catoo)e<s> / where the 
objects are the small symmetric monoidal (oo, l)-categories 2)® equipped with a monoidal map 6*^ — ?► 2)®. 
We denote by CAlg{Catoa)Q<s / the full subcategory of CAlg{Catoo)e» / spanned by the algebras — > 
whose structure map sends X to an invertible object. The main observation is that the objects in 
CAlg{Catoo)QSi / can be understood as local objects in CAlg{Catoo)e^ / with respect to a certain set of 
morphisms: there is a forgetful functor 

CAlg{Cat^)e»/ ~ CAlg{Mode«,{Catoo)) ModQ»{Catao) (170) 

and since Cat^ is a presentable symmetric monoidal (oo, l)-category, this functor admits a left-adjoint 
Freee«(C) assigning to each C®-module D the free commutative C^-algebra generated by D. We will 
denote by Sx the collection of morphisms in CAlg{Catoo)e's / consisting of the single morphism 

Freee»(e) ^Freee®(e) (171) 

where 6 is understood as a C^-module in the obvious way using the monoidal structure. We prove the 
following 

Proposition 4.1. LetG^ be a symmetric monoidal {(X,l)-category. Then the full subcategory CAlg{Catoo)Q0 ^ 
coincides with the full subcategory of CAlg (Cat oo)e's / spanned by the Bx-local objects. Moreover, since Cat^ 
is a presentable symmetric monoidal (oo, l)-category, the (oo, 1) -categories C'Alg(Cat oo) and C Alg{Catoo)(2i> / 
are also presentable (see Corollary 3.2.3.5 of J63J) and the results of the Proposition 5.5.4-15 in follow. 
We deduce the existence a left-adjoint 

(e»,x) 



CAlgiCatoofe^j'"'"' - CAlg{Catoo)^^ ^ CAlgiCatoo)e^ / (172) 

In particular, the data of this adjunction provides the existence of a symmetric monoidal {oo,l)- category 
■^(e® Xj^^*^) equipped with a canonical monoidal map f : C® — > -C^g, x)(^'^) sending X to an invertible 
object. 

Proof. The only thing to check is that both subcategories coincide. Let : C® — >■ be a C-algebra where 
X is sent to an invertible object. By the definition of the functor Free^is (C) we have a commutative diagram 

MapcAigiCat^),^^ {Freee^ (6), 2)®) MapcAMCat^),„ , {Freee^ (6), 2)®) (173) 

MapMod^»{Cat^){G,'^) MapMod^»{Cat^){G,1^) 
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where the lower horizontal map is described by the formula a ^ a o (X 
diagram commutes 



-). Since (j) is monoidal, the 




(174) 



and the lower map is in fact homotopic to the one given by the formula a i-> {(f>{X) — ) o a. Since (t){X) 
is invertible in D®, there exists an object A in D such that the maps (t){X) — ) and (A ® — ) are inverses 
and therefore the lower map in (I173p . and as a consequence the top map, are isomorphisms of homotopy types. 

Let now C*^ — > D'^ be a C^-algebra, local with respect to §x- In particular, the map 



MapMod^(s(Cat^)iG,'^) MapMod^(siCat^)iG,T>) 



(175) 



induced by the composition with {X O — ) is an isomorphism of homotopy types and in particular we have 
7ro(MapMode(5(CQtoe)(e,'D)) ^ 7ro(MapModg55(Cat„)(e,2))). We deduce the existence of a dotted arrow 



(176) 



rendering the diagram of modules commutative and since a is a map of C®-modules and is monoidal we 
find 4>{1) — a{X (E) 1) — (t>{X) (S>a{l). Using the symmetry we find that a{l (E) X) c± a{l)(E) 4i{X) ~ 1 which 
proves that (j){X) has an inverse in D^. □ 



We will now study the properties of the base change along the morphism 



to establish some insight, let us point out that everything fits in a commutative diagram 



(e®). In order 



C Alg{Catao) r» ce®')/ — C Alg{Modr» (p®\{Catoo)) ^ CAlg {Mod qid {Cat oo)) — CAlg{Catao)e's / 



» (Q»){Catoa) ^ ModQ(s{Catoo) 

(177) 

where the horizontal arrows are induced by the forgetful map given by the composition with 6® ^feis x) i^^) 
and the vertical arrows are induced by the forgetful map produced by the change of cx)-operads Triv® — > 
Gomm^ . Since Catoo with the cartesian product is a presentable symmetric monoidal (cxd, l)-category, there 
is a base change functor 



(e»,x)) 




Modr» (p(s\{Catoo) s- Afodgo (Caioo) (178) 

and by the general theory we have an identification of f *{'C^ {e® ,x){M)) ~ M (8)e» ^^(6®) given by the 
tensor product in ModQis{Catoo). This map is monoidal and therefore induces a left-adjoint 
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(e®,x) 




CAlg{Cat^)^(s ,p^., ^ CAlg{Catao)e'g' / (179) 

(e®,x)^ 

and the diagram 



CAlg{Catoci) r<s ics]/ — CAlg{AIod^» |'p»^(C'a^ooj) ^ CAlg{ModQis{Catoo)) — C Alg [Cat oo)e<i) i 



Modr® (P(g,\{Catoc) Afodg® (Cat oo) 

(e»,x)^ ' ■^{eS'.x) 

(180) 

commutes. We prove the foUowing statement, which was originahy proved in [55] in the context of model 
categories: 

Proposition 4.2. Let 6® be a small symmetric monoidal {oo,l)- category and X be an object in C. Let 
f : C® — !> •Ci^Qtsi x)(^^) natural map constructed above. Then 



L the composition map 



CAlg{Catoo)r» (pg,-., ^ CAlg{Catoc)e» / (181) 



is fully faithful and its image coincides with CAlgi^Catoo)^^; 
2. the forgetful functor 



/, : Modr» (p»){Catoo) Mode»{Catoo) (182) 

is fully faithful and its image coincides with the full subcategory of Mod q<s{ Cat oo) spanned by those 
S-modules where X acts as an equivalence. 

A major consequence is that the left-adjoint 'C(e®,x) provided by the base change is naturally equivalent 
to the left-adjoint -C^® x) provided by Proposition 14.11 Moreover, since the diagram (|180p commutes, we 
have the formula £(e»_x)('D) £® g, ^^(D®)(i) for any T)® £ CAlg{Cat^)es, / . 

In order to prove Proposition 14.21 we will need some preliminary steps. We start by recalling some 
notation: Let £® be a symmetric monoidal (oo, l)-category. A morphism of commutative algebras A ^ B in 
£ is called an epimorphism (see [93]-Definition 1.2.6.1-1) if for any commutative A-algebra C, the mapping 
space MapcAig(£.){B,C) is either empty or weakly contractible. In other words, the space of dotted maps 
of A-algebras 



C (183) 
A 

rendering the diagram commutative is either empty or consisting of a unique map, up to equivalence. We 
can rewrite this definition in a different way. As a result of the general theory, if £® is compatible with all 
small colimits, the cxo-category CAlg^t)^/ inherits a coCartesian tensor product which we denote here as 
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(g)^. In this case it is immediate the conclusion that a map ^ — !■ i? is an epimorphism if and only if the 
canonical map B ^ B (E)a B is an equivalence. Of course, this is happens if and only if the induced colimit 
map B ®A B ^ B \s also an equivalence. We prove the following 

Proposition 4.3. Let £® he a symmetric monoidal {oo,l)- category compatible with all small colimits and 
let f : A ^ B a morphism of commutative algebras in £. The following are equivalent: 

1. f is an epimorphism; 

2. The natural map /, : Modsi^) ^ ModA{^) is fully faithful; 
Moreover, if these equivalent conditions are satisfied, the forgetful map 

CAlg{e)B/ ^ CAlg{e)A/ (184) 

is also fully faithful. 

Proof. With the hypothesis that the monoidal structure is compatible with colimits, the general theory gives 
us a base-change functor 

(- B) : ModA{^) ModeiE) (185) 

left-adjoint to the forgetful map In this case /, will be fully faithful if and only if the counit of the 
adjunction is an equivalence. If the counit is an equivalence in particular we deduce that the canonical 
map B (S^A B ^ B is an equivalence and therefore A B is an. epimorphism. Conversely, if A — > i? is an 
epimorphism, for any i?-module M we have 

M®aB~{M®b B) ®a B) ~ M ®B (B (g)A B) ~ {M ®b B) M (186) 

It remains to prove the additional statement concerning the categories of algebras. Let us consider 
u : B ^ U, V : B ^ V two algebras over B. We want to prove that the canonical map 

MapcAlg(E)sAU,V) ^ MapcAlgiE),,{MU),f.{V)) (187) 

is an isomorphism of homotopy types. The points in MapcAig{E)A/if*i^)' f*(^))) '^^^ identified with 
commutative diagrams 




(188) 



and therefore we can rewrite MapcAig{E)A/if*i^)T ■f*(^)) homotopy pullback diagram 

MapcAlgiE)A,iB,f,{V)) XMapcAi,in^^{A,MV)) M apc Alg(E) ^ / {U ,V) (189) 

which by the fact A ^ Bisan epimorphism and MapcAigiE)^/ (^i /*(^)) — reduces to MapcAigiE)^/ {U, V). 

□ 

The following is the main ingredient in the proof of the Proposition 

Proposition 4.4. Let 6® be a small symmetric monoidal oo-category and let X be an object in 6. Then, 
the canonical map 6® — ^ '^fe<s epimorphism. 
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Proof. This is a direct result of the characterization of -C^g, as an adjoint in the Proposition 14.11 In- 
deed, for any algebra : C® — >■ D®, either (j> does not send X to an invertible object and in this case 
MapcAig{Cat^)^^^{'C'fQ^ x)i^^)^ ®'^) nccessarily empty or, (j) sends X to an invertible object and we have 
by the universal properties 

MapcAi3(Cat^),«/£fe«,x)(e®),2^^) ^ MapcAisiCat^),^,{e'' ,^'') ^ * (190) 

□ 

Proof of Proposition \4-S\ ' By the results above we know that both maps are fully faithful. It suffices now to 
analyze their images. 

1. If (/) : -4 CD® is in the image, 2)® is an algebra over -C^^ ^^'^ there exists a monoidal 

factorization 



(191) 



(e®,x) 



(e®) 



and therefore X is sent to an invertible object. Conversely, if : 6® ^> sends X to an invertible 
object, (/) : C® — !> 2)® is local with respect to Freehs (X — ) : Freezes (C) — > FreeQ» (C) and therefore 
the adjunction morphisms of the Proposition 14. 1 1 fit in a commutative diagram 



e® 



(192) 



(e®,x) 



(e®) 



(e®,x) 



where the right vertical map is an equivalence and we deduce the existence of a monoidal map presenting 
2)® as a (C®)-algebra, therefore being in the image of 

2. Again, it remains to prove the assertion about the image. If M is a C®-module in the image, by 
definition, its module structure is obtained by the composition C® x M ^ ■^^» x)(^^^ x M ^ M 
and therefore the action of X on M is invertible. Conversely, let M be a C®-module where X acts as 
a equivalence. We want to show that M is in the image of the forgetful functor. Since we know it is 
fully faithful, this is equivalent to show that the unit map of the adjunction 



is an equivalence. To prove this we will need a reasonable description of Freeze) (M) - the free C® 
algebra generated by M. Following the Construction 3.1.3.7 and the Example 3.1.3.12 of [63] we know 
that the underlying C®-module Freeg® (M),;!) can be described as a coprodut 



[] %m"(M)e« (194) 

n>0 

where S'ym"(M)g« is a colimit diagram in Modg® (Catoo) which can be informally described as 
M®e® /!]„ where ®e« refers to the natural symmetric monoidal structure in Models {Cat oo). Let 
us proceed. 
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• The general machinery tells us that Freeg® (M) exists in our case and by construction it comes 
naturally equipped with a canonical monoidal map ^ : — > Freee»{M). We remark that 
the multiplication map {(jyiX) (g) — ) : i^reeeo — )• Freee« (Af can be identified with the 
image FreeQ»{X eg) — of the multiplication map {X ® —) : M M. Since this last one is an 
equivalence (by the assumption), we conclude that Freeee>{M) is in fact a C® algebra where X 
is sent to an invertible object. This means that it (C®)-algebra and therefore 

Freee®(M)^i) is in fact a -^^^ ^j(C®)-module, which means that the unit map 

Freee®(M)<i) ^ /*(£(e®,x)(J^r-eee» (M)(i))) - Freee»(M)(i) ^fe^^x)^^^) (195) 
is an equivalence. 

• We observe now that we have a canonical map M — >• FreeQ» (M)^i^ because Sym}{M) = M and 
that this map is obviously fully faithful. The unit of the natural transformation associated to the 
base-change gives us a commutative diagram 



where the lower arrow is an equivalence from the discussion in the previous item. Since the 
monoidal structure is compatible with coproducts and using the identification Sym"{M)Q» ~ 
M®S® /S„, we have 

Freee«(M)<i) ®e« 'Cfe«,x)(e®) ^ II[(M«2«)|^/:® ^_^^(e®)]/E„ (197) 
and finally, using the fact 6® — >■ epimorphism, we have 

for any n > 0. We find an equivalence 

Freee»(M)(i) 0e» -C® ^_^)(e®) ~ Freeg® (M 0e» '^fe»,x)(e®))(i> (199) 
The first diagram becomes 

M ^M^e^'C®^ ,^)(e®) (200) 



Freee^{M)^,^=Un>oSym"iM) 



Un>o Sym''{M(S)e» C 



(e<s,x) 



(e®))c 



where both vertical maps arc now the canonical inclusions in the coproduct. Therefore, since 
Catoo has disjoint coproduts (because coproducts can be computed as homotopy coproducts in 
the combinatorial model category of marked simplicial sets and here coproducts are disjoint), we 
conclude that the canonical map M — >■ M ®e® '^fes) x)(^'^) ^® equivalence. 



This concludes the proof. 



Remark 4.5. Let X and Y be two objects in a symmetric monoidal (oo, l)-category C. If X and Y are 
equivalent, then a monoidal map D® sends X to an invertible object if and only if it sends Y to an 



invertible object. In this case we have -C^® x) 



■'(e»,i')- 
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Remark 4.6. Let be a symmetric monoidal (oo, l)-category. Let X and Y be two objects in 6 and 
let X (i) Y denote their product with respect to the monoidal structure. Since the monoidal structure 
is symmetric, it is an easy observation that X eg) y is an invertible object if and only if X and Y are 
both invertible. Therefore, we can identify the full subcategory CAlg{Catoo)'^i'J with the full subcategory 

CAlg{Catao)'^^l spanned by the algebra objects T)^ sending both X and Y to invertible objects. As 

a consequence, we can provide a relative version of our methods and by the universal properties the diagram 



base—change 



CAlg{Cat^)j, 



(e®,x) 
base— change 



■CAlg{Cat^)e9/ (201) 

) base— change 



CAlg{Catoc)£e> fe®')/ — CAlg{Catoc)p^S ^ CAlg{Catoo)X» / — C Alg {Cat oo) ji» fe®)/ 



(e»,y)^ 



base— change 



has to commute. 

Remark 4.7. The results of l4.1l and l4.2l also hold if we restrict our attention to symmetric monoidal (cx), 1)- 
categories that are cx)-groupoids. More precisely, if C*^ is an object in CAlg{$) and X is an object in 6, the 
inclusion 



CAZg(S)f»/C ^CAlg{$)e®, (202) 

admits a left-adjoint This follows from the same arguments as in 14.11 using the fact that S is 

presentable. Moreover, as in 14. 2| we can identify CAlg{$)-^^^ with the (oo, l)-category of commutative 
/:~'®(e®)-algebras. 

Recall now that the existence of a a fully-faithful inclusion i : S C Cat oo- This inclusion is monoidal 
with respect to the cartesian structures and produces an inclusion i : CAlg{§) C CAlg{Catoo)- Therefore, 
for every symmetric monoidal oo-groupoid together with the choice of an object X E G, wc have a 
commutative diagram 

CAlg{Catoo)f^es>)/.^ ^ CAlg{Catoo)^iee>)/. (203) 



CAZ5(§)f«/ C ^ CA/g(S)e«/. 

from which, using the universal property of the adjuntion in 14. 11 we can deduce the existence of a canonical 
monoidal map of symmetric monoidal {oo, l)-categories 

^.Xe«),^(*(e®)) ^ ^iKTx'^in) (204) 

Later on (see the Remark 14.25^ we will see that under an extra assumption on X this comparison map 
is an equivalence. 

Our goal now is to extend our construction to the setting of presentable symmetric monoidal cx)-categories. 
The starting observation is that, if is a small symmetric monoidal (oo, l)-category the inversion of an 
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object X can now be rewritten by means of a pushout square in CAlg(Catoc)- Since Catoo is a symmetric 
monoidal (oo, l)-category compatible with all colimits, the forgetful functor 



CAlg{Catoo) Catc 



(205) 



admits a left-adjoint free^ which assigns to an oo-category CD, the free symmetric monoidal (oo, l)-category 
generated by D. An object in 6 can be interpreted as a monoidal map /ree®(A[0]) — > where /ree®(A[0]) 
is the free symmetric monoidal category generated by one object *. By the universal property of ^C^^ ^^(/ree® (A 

a monoidal map C® — > D® sends X to an invertible object if and only if it factors as a commutative diagram 



^ee®(A[0]) -£®«_,)(/ree®(A[0])) 



(206) 



X 



and by the combination of the universal properties, the pushout in C Alg{Catao) 

II £fe«,,)(^ee®(A[0])) (207) 

/ree®(A[0]) 

is canonically equivalent to ^C^^ ^^(6®). The existence of this pushout is ensured by the fact that Cat^ is 
compatible with all colimits. 



We will use this pushout- version to construct the presentable theory. By the tools described in the section 
13.21 if 6® is a presentable symmetric monoidal (oo, l)-category (not necessarily small) and X is an object in 
6, the universal monoidal property of presheaves ensures that any diagram like (j206p factors as 

/^ee®(A[0]) i:® « ,)(/ree®(A[0])) (208) 

j j' 

y(/ree®(A[0]))® J'(£® « .,)(/ree®(A[0])))® 




where CP®(— ) is the natural extension of the symmetric monoidal structure to presheaves, the vertical maps 
J and j' are the respective Yoneda embeddings (which are monoidal maps) and the dotted arrows are given 
by colimit-preserving monoidal maps obtained as left Kan extensions. 

Definition 4.8. Let C® be a presentable symmetric monoidal {oo,l)- category and let X be an object in 
6. The formal inversion of X in 6® is the new presentable symmetric monoidal {oo,\)- category C®[X^^] 
defined by pushout 

e®[X-i]:=e® ]J T(£®«_^)(/ree®(A[0])))® (209) 

3'(/ree»(A[0]))® 

m CAlg{yr^) 

Remark 4.9. Let C® be a small symmetric monoidal (oo, l)-category and let X be an object in C. Again 
using the tools described in the section 13. 2| the monoidal structure in C extends to a monoidal structure 
in J'(C) and it makes it a presentable symmetric monoidal (oo, l)-category. It is automatic by the univer- 
sal properties that the inversion J'(C)®[X^^] in the setting of presentable (oo, l)-categories is canonically 
equivalent to T(£® « ^^(6®))®. 
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As in the small context, we analyze the base change with respect to this map. Since (yr^)® is compatible 
with all small colimits, all the machinery related to algebras and modules can be applied. The composition 
with the canonical map C® — >■ C®[X~^] produces a forgetful functor 

Afode»[jf-i](Tr^) ^ Mode^CPr^) (210) 
and the base-change functor ^> exists, is monoidal and therefore induces an adjunction 



(e»,x) 




CAlg{yr^)e^[x-^]/ CAlg{yr^)e^/ (211) 

Our main result is the following: 
Proposition 4.10. Let C® be a presentable symmetric monoidal {oo, l)-category. Then 

1. the canonical map 

C^;g(yr^)e«[x-i]/ ^ C Alg{yr'^)f>^ , (212) 

is fully faithful and its essential image consists of full subcategory spanned by the algebras C® ^■ 
D® sending X to an invertible object; In particular we have a canonical equivalence £^'^^^^(6®) ~ 

2. The canonical map 

Mode»[x~^{yr^) ^ Mode<i>{7r^) (213) 

is fully faithful and its essential image consists of full subcategory spanned by the presentable (oo, 1)- 
categories equipped with an action of 6 where X acts as an equivalence. 

Proof. Since (Tr^)® is a closed symmetric monoidal (oo, l)-category (see the discussion in the section [376|) . 
it is compatible with all colimits and so the results of the Proposition 14.31 can be applied. We prove that 
C® —7- C®[X~^] is an epimorphism. Indeed, if : 6® — D® does not send X to an invertible object, by 
the universal property of the C®[X~^] as a pushout, the mapping space MapcAig{Cat^)^^ 
is empty. Otherwise if (j) sends X to an invertible object, by the universal property of the pushout we have 

MapcAig(y.^),«/e®[X~i],B®) ~ MapcAUj(yr^){<i®[X-\'D®) (214) 
and the last is given by the homotopy pullback of 

MapcMgi^r^){y^{^%<,^4free®{m))).'^^) (215) 

MapcAi9('^.^)(e®,D®) -MapcAi<,(Tr^)(y®(/ree®(A[0])),2)®) 

which, by the universal property of J'®(— ) is equivalent to 

MapcAig(Tr^-)(e®,D®) XMapcA,g(6.a.3„)(/ree®(A[0]),D®) MopcAigC Cat,. ) (^fe» (/^ee® ( A [0] ) ) , ) (216) 

and we use the fact that /ree®(A[0]) ^f^^ ,)(/^'36®(A[0])) is an epimorphism to conclude the proof. 
It remains now to discuss the images. 
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1. It is clear by the universal property of the pushout defining 6® [X 



2. If M is in the image, the action of X is clearly invertible. Let M be a C®-module with an invertible 
action of X. By repeating exactly the same arguments as in the proof of Prop. 14.101 we arrive to a 
commutative diagram in Vr^ 



M ■ 



M ®e® ^ 



(217) 



where the vertical maps are the canonical inclusions in the colimit and Sym"{—)Q<s is now a colimit 
in ModQ(s{yr^). We recall now that coproducts in CPr^ are computed as products in Tr^. Let 
u : A ^ B and v : X ^ Y he colimit preserving maps between presentable (oo, l)-categories and 
assume the coprodut map mJJ?; : — > _B]jFisan equivalence. The coproduct is 
canonically equivalent to the product A x X and we have commutative diagrams 



A- 



B 



(218) 



AUX^BUY 

u \_[v 



and 



A^ . B (219) 

P Q 

AUX = Ax X BJJY = BxY 

with i and j the canonical inclusions and p and q the projections. The maps in the second diagram are 
right-adjoints to the maps in the first, with u ]J d ~ u x w and therefore u ]J t; and u x v are inverses. 
Since the projections are essentially surjective, the inclusions i and j are fully faithful and we conclude 
that u has to be fully faithful and u is essentially surjective. To conclude the proof is it enough to check 
that u is essentially surjective or, equivalently (because u is fully faithful), that u is fully- faithful. This 
is the same as saying that for any diagram as in (I25ip with u x v fully faithful, u is necessarily fully 
faithful. This is true because Y is presentable and therefore has a final object e and since v commutes 
with limits, for any objects 5o, &i G Obj{A) we have 



MapB{hoM) - MapB{bo,bi) x MapY{e,e) ~ M ap A{u{ho)u{hi)) x Mapx{v{e),v{e)) ~ (220) 

~ MapAiuiboMh)) (221) 

□ 

Remark 4.11. The considerations in the Remark 14.61 work, mutatis mutandis, in the presentable setting. 
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4.2 Connection with ordinary Spectra and Stabilization 

In the previous section we proved the existence of a formal inversion of an object X in a symmetric monoidal 
(oo, l)-category. Our goal for this section is to compare our formal inversion to the more familiar notion of 
(ordinary) spectrum-objects. 

4.2.1 Stabilization 

Let 6 be an (oo, l)-category and let G : C — >■ C be a functor with a right adjoint (7 : C — C. We define the 
stabilization of 6 with respect to (G, U) as the limit in Cat^^ 

5to6(G,t/)(e) := ...^^e— ^e— (222) 

We will refer to the objects of Stab(^G,u)i^) spectrum objects in C with respect to {G, U). As a limit, 
we have a canonical functor "evaluation at level 0" which we will denote as Vt^ : Stab(^Q u){Q) 6. 

Remark 4.12. Let C is a presentable (oo, l)-category together with a colimit preserving functor G : 6 ^ C. 
By the Adjoint Functor Theorem we deduce the existence a right-adjoint U to G. Using the equivalence 
y^L ^ (j'r^)°P, and the fact that both inclusions Tr^,yr^ C Gai^» preserve limits, we conclude that 
Stab(^Q ijj{G) is equivalent to the colimit of 

e_^e— ^e— (223) 



Example 4.13. The construction of spectrum objects provides a method to stabilize an oo-category: Let 
C be an (oo, l)-category with final object *. If C admits finite limits and colimits we can construct a pair of 
adjoint functors Eg : C^/ 6*/ and fig : 6*/ C*/ defined by the formula 

Ee(X) (224) 



X 



and 



ne{X):=*Xx* (225) 
and by the Proposition 1.4.2.24 of [53] we can define the stabilization of C as the oo-category 

5ta6(e) :=5ia5(Se,Oe)(e*/) (226) 

By the Corollary 1.4.2.17 of [63 , Stab{G) is a stable oo-category and by the Corollary 1.4.2.23 of loc.cit, 
the functor : Stab{C) C has a universal property: for any stable (oo, l)-category D, the composition 
with n°° induces an equivalence 

Fun'{D, Stable)) Fun'iD, C) (227) 

between the full subcategories of functors preserving finite limits. Suppose now that C is presentable. Since 
fig by definition commutes with all limits and Tr^ is closed under limits, Stab{C) will also be presentable 
and will also commute with all limits. Therefore, by the Adjoint Functor Theorem it will admit a 
left-adjoint : 6 ^ Stab{e). Using the equivalence ?r^ ~ (Tr^)°P we find (see Corollary 1.4.4.5 of [55] ) 
that is characterized by the following universal property: for every stable presentable (oo, l)-category 
D, the composition with E°° induces an equivalence 

Fun^{Stab{e), D) Fun^{e, D) (228) 
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Our goal for the rest of this sectfon is to compare this notion of stabihzation to something more famihar. 
Let us start with some precisions about the notion of hmit in Catoo- By the Theorem 4.2.4.1 of fET , the 
stabihzation Stab(^Q u^{G) can be computed as an homotopy hmit for the tower 

... -JL^ -JL^ (229) 



in the simphcial model category of (big) marked simplicial sets of the Proposition 3.1.3.7 in [55] (as a 
marked simplicial set & is the notation for the pair (C, W) where W is the collection of all edges in C which 
are equivalences). By the Theorem 3.1.5.1, the cofibrant-fibrant objects in are exactly the objects of the 
form C'' with C a quasi-category and, forgetting the marked edges provides a right-Quillcn equivalence from 
Zi+ to A with the Joyal model structure. Therefore, to obtain a model for the homotopy limit in Z\+ we can 
instead compute the homotopy limit in A (with the Joyal's structure). 

Let now us recall some important results about homotopy limits in model categories. All the following 
results can be deduced using the Reedy/injective model structures (see [41] or the Appendix section of [62] ) 
to study diagrams in the underlying model category. The first result is that for a pullback diagram 

X (230) 
/ 

Y 

9 

to be an homotopy pullback, it is enough to have Z fibrant and both / and g fibrations. In fact, these 
conditions can be a bit weakened, and it is enough to have either (i) the three objects are fibrant and one 
of the maps is a fibration; {ii) if the model category is right-proper, Z is fibrant and one of the maps is a 
fibration (this last one applies for instance in the model category of simplicial sets with the standard model 
structure). Secondly, we recall another important fact related to the homotopy limits of towers (again, this 
can be deduced using the Reedy structure). For the homotopy limit of a tower 

...^^Xa^^Xi^^Xo (231) 



to be given directly by the associated strict limit, it suffices to have the object fibrant and all the maps Ti 
given by fibrations. In fact, these towers are exactly the fibrant-objects for the Reedy structure and therefore 
we can replace any tower by a weak-equivalent one in these good conditions. The following result provides 
a strict model for the homotopy limit of a tower: 

Lemma 4.14. Let M, be a simplicial model category and let T : — > M &e tower in M 

...^l^X2^^Xi^^Xo (232) 



with each X„ a fibrant object o/M. In this case, the homotopy limit holirrn^ov^Tn is weak- equivalent to the 
strict pullback of the diagram 

YlnXn^'^ (233) 



where the vertical arrow is the fibratio"^^ induced by the composition with the cofibration dA[l\ — > A[l] and 
the horizontal map is the product of the compositions Y[n -^n Xn x Xn+i — )■ X„ x Xn where the last map 
is the product Idx„ x T„ . Notice that every vertice of the diagram is fibrant. 

^'^it is a fibration because of the simplicial assumption 
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Proof. See [SSJ-VI-Lemma 1.12. □ 
Back to our situation, we conclude that the honiotopy limit of 

... — ^ — ^ (234) 

is given by the explicit strict puUback in Zi+ 

n„(e^)^W" (235) 



where A[l]'^ is the notation for the simplicial set A[l] with all the edges marked and (e'i)'^[il'' is the coaction 
of A[l]' on C''. In fact, it can be identified with the marked simplicial set Fun' {A[l\, C)'' where Fun' {A[l], 6) 
corresponds to the fuU-subcategory of Fun{A[l], 6) spanned by the maps A[l] — > 6 which are equivalences 

in e. 



Let us move further. Consider now a combinatorial simplicial model category M and let G : M — ;> M 
be a left simplicial Quillcn functor with a right-adjoint U. Using the technique of the Proposition 5.2.4.6 in 
[62], from the adjunction data we can extract an endo-adjunction of the underlying (oo, l)-category of M 

Na{M°) — ^ Na{M°) (236) 
u 

where the object U can be identified with the composition QoU with Q a simplicial^ cofibrant-replacement 
functor in M, which we shall fix once and for all. We can consider the stabilization Stabf^Q jj^{Na{'M°)) 
given by the homotopy limit 



... iVA(M°)^ Na{M°Y — ^ iVA(M°)^ (237) 

which we now know, is weak-equivalent to the strict pullback of 

n„FW(A[l],iVA(M°))^ (238) 

n„ ^a(m°)^ — ^ n„ ^a(m°)^ X iVA(M°)^ 

and we know that its underlying simplicial set can be computed as a pullback in A by ignoring all the 
markings. Moreover, by the Proposition 4.2.4.4 of |62], we have an equivalence of (oo, l)-categories between 

iVA((M^)°) iVA(M°)'^[il (239) 

where / is the categorical interval and M'^ denotes the category of morphisms in M endowed with the 
projective model structure (its cofibrant-fibrant objects are the arrows / : A — > B in M with both A and B 
cofibrant-fibrant and / a cofibration in M). Moreover, the equivalence above restricts to a new one between 
the simplicial nerve of (M^)j^j^ (the full simplicial subcategory of (M^)° spanned by the arrows f : A ^ B 
which have A and B cofibrant-fibrant and / a trivial cofibration) and Fun'{A\l\,NA{'M°)). Using this 
equivalence, we find an equivalence of diagrams 

^"(see for instance the Proposition 6.3 of [73] for the existence of simphcial factorizations in a simphcial cofibrantly generated 
model category) 
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Fun'{A[l],NA{M°)) 



(240) 



n„iVA(M°) x7Va(M°) 



id 



n„^A(M°) XiVA(M°) 





n„^A(M°) 



n„^A(M°) 



The homotopy puUbacks of both diagrams are weak-equivalent but since the vertical map on the left 
diagram is no longer a fibration, the associated strict pullback is no longer a model for the homotopy 
puUback. We continue: the simplicial nerve functor A'a is a right-Quillen functor from the category of 
simplicial categories with the model structure of [T^ to the category of simplicial sets with the Joyal's 
structure. Therefore, it commutes with homotopy limits and so, the simplicial set underlying the pullback 
of the previous diagram is in fact given by the simplicial nerve of the homotopy pullback of 



in the model category of simplicial categories. 

Let us now progress in another direction. We continue with M a model category together with G : M — > M 
a Quillen left endofuctor with a right adjoint U. We recall the construction of a category Sp^{l\\., G) of 
spectrum objects in M with respect to (G, U): its objects are the sequences X = [Xq^Xi, ...) together with 
data of morphisms in M, : G{Xi) — )■ Xi^i (by the adjunction, this is equivalent to the data of morphisms 
Gi : Xi ^ U{Xi+i)). A morphism X ^ Y \s a, collection of morphisms in M, fi : Xi Yi, compatible 
with the structure maps Ci. If M is a cofibrantly generated model category (see Section 2.1 of [4T|) we can 
equipped Sp^'^{M., G) with a stable model structure. First we define the projective model structure: the weak 
equivalences are the maps X ^ Y which are levelwise weak-equivalences in M and the fibrations are the 
levelwise fibrations. The cofibrations are defined by obvious left-lifting properties. By the Theorem 1.14 of 
|43) these form a model structure which is again cofibrantly generated and by the Proposition 1.15 of loc. 
cit, the cofibrant-fibrant objects are the sequences {Xq, Xi, ...) where every Xi is fibrant-cofibrant in M, and 
the canonical maps G{Xi) G{Xi+i) are cofibrations. We shall write Sp^{'M,G)proj to denote this model 
structure. The stable model structure, denoted as Sp^CM, G)stabie, is obtained as a Bousfield localization of 
the projective structure so that the new fibrant-cofibrant objects are the U-spectra, meaning, the sequences 
(Xq, Xi, ...) which are fibrant-cofibrant for the projective model structure and such that for every i, the 
adjoint of the structure map Ci, Xi [/(X^+i) is a weak-equivalence. (See Theorem 3.4 of |43j). 

By the Theorem 5.7 of [43], this construction also works if we assume M to be a combinatorial simplicial 
model category and G to be a left simplicial Quillen functor In this case, S'p^(M, G) (both with the 
stable and the projective structures) is again a combinatorial simplicial model category with mapping spaces 
given by the pullback 

^^The reader is left with the easy exercise of checking that the following conditions are equivalent for a Quillen adjunction 
(G, U) between simplicial model categories; (i) G is enriched; (ii) G is compatible with the simplicial action, meaning that for 
any simplicial set K and any object X we have G{K (g) X) ~ K G{X)\ (Hi) U is compatible with the coaction, meaning that 
any for any simplicial set K and object Y we have U{Y^) ~ U{Y)^\ (iv) U is enriched. 



triv 



(241) 
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UnMapM{X,,Yi) 



(242) 



n„ MapM{X,, n„ Map^iX,, U{Y,+^)) 

where 

• the horizontal map is the product of the maps 

MapM{X,,Y,) ^ MapMiX,, U{Y,+i)) (243) 
induced by the composition with the adjoint <Ti : ^ {/(F^+i); 

• The vertical map is the product of the compositions 

MapM(X,+i,y,+i) ^ MapM{UiX,+i), U{Y,+i)) ^ Mapj^iX,, U{Y,+^)) (244) 
where the first map is induced by U and the second map is the composition with Xi — > U{Xi^i). 
Its points correspond to the collections / = {/i}iGN for which the diagrams 

X, ^U{X,+i) (245) 

Y, — ^c/(y.+i) 

commute. 

By the Proposition l2.111 the underlying (oo, l)-categories of 5'p^(M, G)proj and Sp^^M, G) stable are given, 
respectively by the simplicial nerves 7Va((5'p^(M, G)proj)°) and N/^{{Sp^[yi, G)stabie)°) and by construction 
the last appears as the full reflexive subcategory of the first, spanned by the CZ-spectrum objects. 

Up to this point we have two different notions of spectrum-objects. Of course they are related. To under- 
stand the relation we observe first that S'p^(M, G) fits in a strict puUback diagram of simplicial categories 

Sp^{JA,G) -n„(^') (246) 

n„M — -n„3vtxM 

where the top horizontal map is the product of all maps of the form (Xi)igN ^ {Xi U{Xi+i)) and 
the vertical-left map sends a spectrum-object to its underlying sequence of objects. The right-vertical map 
sends a morphism in M to its respective source and target and the lower-horizontal map is the product of 
the compositions (Xi)^^^ H> (Xj, X^+i) i-t- (Xi, U (X^+i)). All the maps in this diagram are compatible with 
the simplicial enrichment. We fabricate a new diagram which culminates in (|24ip . 
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oj 



-^^ — -n„(M^) 



(247) 



n„MxM 



n„ M° X M° 




I 

Q I 



where the maps 

1. X, y, z, w are the maps in diagram p46p . 

2. a is the restriction of the projection ^^^(M, G) — Y\^^ M (it is weh-defined because the cofibrant-fibrant 
objects in S'p'^(M, G) are supported on sequences of cofibrant-fibrant objects in M) 

3. a' is the composition of a with the canonical inclusion; 

4. h is the product of the compositions 



(248) 



where Q is the machine associated to our chosen simplicial functorial factorization of the form " (cofibra- 
tion, trivial fibration)" ( sending a morphism / : A ^ i? in M to the pair (u : X,v : X ^Y) with 
u a cofibration and v a trivial fibration) and the second arrow is the projection in the first coordinate. 

c is induced by composition of w with the canonical inclusion. Given a sequence of cofibrant-fibrant 
objects (Xi)jgN, we have w{{Xi)i^-(i) — {Xi,U{Xi + l))igN with Xi fibrant-cofibrant and U{Xi-^-i) 
fibrant (because J7 is a right-Quillen functor). Therefore, the composition factors through Yin M° xM^*'' 
and c is well-defined: 



6. To obtain d, we consider first the composition 



M° x M ^ M° x M-^ —L M° x (M^ x M-^) M° x M-^ M° x M (249) 

where the first arrow sends {X,Y) h-s- {X,(li — ^ X), the third arrow is induced by the projection of 
X ^- on the first coordinate and the last arrow is induced by taking the source. All together, 
this composition is sending a pair {X,Y) to the pair {X,Q{Y)) with Q a cofibrant- replacement of Y 
using the same factorization device of the item (4). In particular, if Y is already fibrant, Q(Y) will be 
cofibrant-fibrant and we have a dotted arrow 



M° X M- 



■M° X M 



M° X M° 



(250) 
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rendering the diagram commutative. 

By definition, d is the product of aU these dotted maps; 

7. e is the map induced by composing box with the canonical inclusion and it is well-defined for the 
reasons given also in (2); 

8. / is deduced from e by restricting to the fj-spectra objects: If {Xi)i(zm is a ?7-spectra, the canonical 
maps Xi — ^ U{Xi+i) are weak-equivalences and therefore, when we perform the factorization encoded 
in the composition box, the first map is necessarily a trivial cofibration and therefore / factors through 

n„(M^)?™- 

Finally, the fact that everything commutes is obvious from the definition of factorization system. All 
together, we found a commutative diagram 

Sp^iM, G):,,,,, njMO?™ (251) 



nn^° -n„3vt°xM° 

In summary, the up horizontal map sends a J7-spectra X ~ (^i)ieN to the list of trivial cofibrations 
(Xi — > (5(C/(Xi+i)))i£N and the left-vertical map sends X to its underlying sequence of cofibrant-fibrant 
objects. By considering the simplicial nerve of the diagram above and using the equivalence of diagrams in 
(|240ll . we obtain, using the universal property of the strict puUback, a map 

: A^A((V(M,G)3t,we)°) -> ^ta6(G,c;)(7VA(M°)) (252) 
where we identify Stab^Q p-)(iVA(M°)) with the strict pullback of the diagram (|238p . 

The following result clarifies this already long story: 

Proposition 4.15. LeA, JA be a combinatorial simplicial model category and let G : JA ^ JA be a left 
simplicial Quillen functor with a right- adjoint U. Let Sp^{M,, C)**"''''^ denote the combinatorial simplicial 
model category of JJ^ equipped the stable model structure. Then, the canonical map induced by the previous 
commutative diagram 

<P ■■ Na{{Sp''{M,G) stabler ) ^ ^to6(G,a)(A^A(M°)) (253) 
is an equivalence of {oo,l)- categories. 

Proof. We will prove this by checking the map is essentially surjective and fully- faithful. We start with the 
essential surjectivity. For that we can restrict ourselves to study of the map induced between the maximal 
cxD-groupoids (Kan-complexes) on both sides . 

Na{{Sp''\M,G) stabler r ^ Stab^aM^A{M°)r (254) 
To conclude the essential surjectivity it suffices to check that the map induced between the tto's 

MNa{{Sp'\M,G) stabler D MStab(^G.u)(^A{M.°)r) (255) 

is surjective. We start by analyzing the right-side. First, the operation (— )~ commutes with homotopy 
limits. To see this, notice that both the {oo, l)-category of homotopy types § and the (oo, l)-category of 
small (oo, l)-categories Catoo are presentable. The combinatorial simplicial model category of simplicial sets 
with the Quillen structure is a strict model for the first and Z\+ models the second. By combining the 
Theorem 3.1.5.1 and the Proposition 5.2.4.6 of [52], the inclusion § C Catoo is in fact a Bousfield (a.k.a 
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reflexive) localization and its the left-adjoint can be understood (by its universal property) as the process of 
inverting all the morphisms. By combining the Proposition 3.3.2.5 and the Corollaries 3.3.4.3 and 3.3.4.6 of 
[62) . we deduce that the inclusion S C Cat oo commutes with colimits. Since § and Catao are presentable, by 
the Adjoint Functor Theorem (see Corollary 5.5.2.9 of 62 ), the inclusion § C Catoo admits a right-adjoint 
which, by its universal property can be identified with the operation (-^)~. An immediate application of 
this fact is that ^^{Stabf^Q jj^{Na{'M°))~) is in bijection with the ttq of the homotopy limit of the tower of 
Kan-complexes 

... ^ 7Va(M°)^ — ^ NAiM")"^ iVA(M°)=^ (256) 

Using the Reedy structure (on A with the Quillen structure), we can find a morphism of towers 

... ^ iVA(M°)=^ — ^ A^a(M°)=' — ^ iVA(M°)=^ (257) 



... ^ T2 ^ Ti To 

where the vertical maps are weak-equivalences of simplicial sets for the Quillen structure, every object is 
again a Kan-complex but this time the maps in the lower tower are fibrations. By the nature of the weak- 
equivalences, this morphism of diagrams becomes an isomorphism at the level of the tto's 

... ^ ^o(iVA(M°)^) ^o(iVA(M°)=^) ^o(iVA(M°)^) (258) 



... ^ 7ro(r2) s- 7ro(ri) ^ 7ro(ro) 

and therefore the limits ZiTON°p7ro(A^A(^°)~) and lim^op'n:Q(Ti) are isomorphic. Finally, using the Milnor's 
exact sequence associated to a tower of fibrations together with the fact that fibrations of simplicial sets are 
surjective (see Proposition VI-2.15 and Proposition VI-2.12-2 in [33]) we deduce an isomorphism 

Tro{limi>iopTi) ~ limj^opTroiTi) (259) 

and by combining everything we have 

TTo{Stab^a,u)(NA{^°)D ^ HmN.p7ro(A^A(M°)^) (260) 
where set on the right is the strict limit of the tower of sets 

... — - MNA{M°r) ^ MNAm°r) — MNAm°r) (26i) 

and since U can be identified with Q o U, the elements of the last can be presented as sequences ([Xi])jgp} 
with each [Xi] an equivalence class of an object Xi in iVA(M°), satisfying [QU{Xi+i)] ~ [Xi], which is the 
same as stating the existence of an equivalence in Na{M.°) between Xi and QU(Xi^i). Since we are dealing 
with cofibrant-fibrant objects, we can find an actual homotopy equivalence Xi — !■ QU (AT^+i) and by choosing 
a representative for each [Xi] together with composition maps Xi — > QU{Xi+i) — > U{Xi+i) we retrieve a 
?7-spectra. This proves that the map is essentially surjective. 

It remains to prove (f) is fully- faithful. Given two tZ-spectrum objects X — (Xi)igN and Y — (li)igN, the 
mapping space in NaUSp^ (M, G)stabie)°) between X and Y is given by the puUbaclS of the diagram 

^^see the formula (I242I I 
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UnMapM{X,,Yi) 



(262) 



All vertices in this diagram are given by Kan-complexes (because M is a simplicial model category, each 
Yi and Xj is cofibrant-fibrant and U is right-Quillen) and the vertical map is a fibration. Indeed, it can be 
identified with product of the compositions 

MapM{X,+i,Y,+i) ^ MapM{G{X,),Y,+i)) ~ MapMiX,, (7(y,+i)) (263) 

where the last isomorphism follows from the adjunction data and the first map is the fibration induced by 
the composition with structure maps G{Xi) Xi+i of X (which are cofibrations because X is a [/-spectra). 
Therefore, the puUback square is an homotopy pullback. 

At the same time, because of the equivalence of diagrams (|240p the mapping spaces in Stabf^Q [/)(A'a(M°)) 
between the image of X and the image of Y can obtainecQ as the homotopy pullback of 

n„MapM(X^,l"0 (264) 
u 

UnMapMiU{X,),U{Y,)) 
Q 

UnMapMiQUiX,),QU{Y,)) 



Un MapM{X,,Yi) ^ n„ MapM{X,,QU{Y,+i)) 

To conclude the proof it suffices to produce a weak-equivalence between the formulas. Indeed, we produce 
a map from the diagram (j264p to the diagram (j262[) . using the identity maps in the outer vertices and in 
the corner we use the product of the maps induced by the composition with the canonical map QU{Yi^i) — > 
U{Y,+i). 

MapM{X,,QU{Y,+,)) ^ MapM{X,,U{Y,+i)) (265) 

Of course, this map is a trivial fibration: M is a simplicial model category, Xi is cofibrant and QU(Yi+i) — ^ 
U{Yi+i) is a trivial fibration. 

□ 

In the situation of the Proposition 14.151 with M a combinatorial simplicial model category and G a 
Icft-simplicial Quillen functor, we know that 5p^(M, G')"^^;,;^ is again combinatorial and simplicial and so, 
both the underlying (oo, l)-categories Na{M°) and Na{Sp^{M, G)°^^f,i^) are presentable (see the Proposition 
A. 3. 7. 6 of 62 ). Finally, using the Remark 14.121 we deduce the existence of canonical equivalence between 
A^a('5'p'^(M, G)°j^j;g) and the colimit of the sequence 

A^a(M°)— ^iVA(M°)-^^... (266) 

^^The mapping spaces in the homotopy pullback are the homotopy pullback of the mapping spaces 
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4.2.2 Stabilization and Symmetric Monoidal Structures 

Let us proceed. Our goal now is to compare the construction of spectra with the formal inversion C[X]®. 
The idea of a relation between the two comes from the following classical theorem: 

Theorem 4.16. (see Theorem 4.3 of JMI) 

Let Q be a symmetric monoidal category with tensor product ® and unit 1. Let X be an object in C Let 
Stabx{G) denote the colimit of the sequence 

...^e^e^e^... (267) 



in Cat (up to equivalence). Then, if the action of the cyclic permutation on X (i) X (x) X becomes an 
identity map C after tensoring with X an appropriate amount of times ( which is the same as saying it is the 
identity map in Stabx{G)) the category Stabx{G) admits a canonical symmetric monoidal structure and the 
canonical functor 6 — ?• Stabx{G) is monoidal, sends X to an invertible object and is universal with respect 
to this property. 

Proof. We can identify the colimit of the sequence with the category of pairs {A, n) where A is an object in 
6 and n an integer. The hom-sets are given by the formula 

Homstab^i^Q){{A, n), [B, m)) = co/zm(fc>_„,_™)i/ome(X"+'= ® A, ® B) (268) 

The composition is the obvious one. There is a natural wannabe symmetric monoidal structure on Stabx{G), 
namely, the one given by the formula {A,n) A {B,m) := (A® B,n + m). When we try to define this 
operation on the level of morphisms, we find the need for our hypothesis on X: Let [/] : {Z, n) — > (Y, m) and 
[g] : {A, a) {B, b) be two maps in Stabx{e). Let / : X"+"(Z) X"+'"(F) and g : X"'+''{A) X^+^(B) 
be representatives for [/] and [g\. Their product has to be a map in StabxiC) represented by some map 
in e, X"+'^+'=(Z (g)A)-^ ^m+b+k(Y B). In order to define this map from the data of / and g we have 
to make a choice of which copies of X should be kept together with Z and which should be kept with A. 
These choices will differ by some permutation of the factors of X, namely, for each two choices there will be 
a commutative diagram 

(^Z ® A) ^ (Z ^ A) (269) 



Use Choice 1 



Use Choice 2 



Xni+b+a+t(Y ^ B) — ^ ^m+6+a+7(-y ^ B) 

The reason why we cannot adopt one choice once and for all, is because if we choose different representa- 
tives for / and g, for instance, idx (S> f and idx (E> g, we will need a permutation of factors to make the second 
result equivalent to the one given by our first choice. Therefore, in order to have a well-define product map, 
it is sufficient to ask for the different permutations of the p-fold product X^ to become equal after tensoring 
with the identity of X an appropriate amount of times. In other words, they should become an identity map. 
For this, it is sufficient to ask for the action of the cyclic permutation (123) on X^ to become the identity. 
This is because any permutation of p-factors can be built from permutations of 3-factors, by composition. 

It is now an exercise to check that this operation, together with the object (1,0) and the natural as- 
sociators and commutators induced from C, endow Stabx{G) with the structure of a symmetric monoidal 
category. Moreover, one can also check that the object {X, 0) becomes invertible, with inverse given by 
(1,-1)- 

The fact that Stabx{G) when endowed with this symmetric monoidal structure is universal with respect 
to the inversion of X comes from fact that any monoidal functor / : C — s> D sending X to an invertible 
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element produces a morphism of diagrams (in the homotopy category of (small) categories) 




(270) 



together with an associated colimit map Stabx{G) ^ Stabx{1>). To conclude the proof we need two 
observations: let D be a symmetric monoidal category and let U be an invertible object in D, then we the 
following facts: 

1. U automatically satisfies the cocyle condition. This follows from a more general fact. If U is an 
invertible object in C, we can prove that the group of automorphisms of U in C is necessarily abelian. 
This follows from the existence of an isomorphism U ~ U®U*®U and the fact that any map f : U ^ U 
can either be written as f (Si idx ® idx or idx 'E) idx (X" /■ Given two maps / and g we can write 



9° f = [g® idx ® idx) ° [idx ® idx ® I) = [f ® idx ® idx) ° {idx ® idx ® g) = f ° 9 (271) 

The fact that U satisfies the cocycle condition is an immediate consequence, because the actions of the 
transpositions [i, i + 1) and (i + 1, i + 2) have to commute and we have the identity ((«, i + 1) o (? + 
l,z + 2))3 = id. 

2. the functor J7 ® — : D — )• D is an equivalence of categories with inverse given by multiplication with 
[/*, the inverse of C/ in D. In this case, multiplications by the powers of U and U* make D a cocone 
over the stabilizing diagram. It is an easy observation that the canonical colimit Stabu{D) — >■ D 
(which can be described by the formula (A, n) i— )■ ([/*)" (E) A) is an equivalence. Moreover, since U 
satisfies the cocycle condition (following the previous item), Stabu{'^) comes naturally equipped with 
a symmetric monoidal structure and we can check that the colimit map is monoidal. Under these 
circumstances, any monoidal functor / : C — > 2) with f{X) invertible, gives a canonical colimit map 
Stabx{G) —7- Stabf(x){'^) — 23. It is an observation that this map is monoidal under our hypothesis 
on X. This implies the universal property. 

□ 

Remark 4.17. The condition on X appearing in the previous result is trivially satisfied if the action of the 
cyclic permutation (X(g)Xcg)X)(^'^'^) is already an identity map in C. For instance, this particular situation 
holds when C is the pointed A-'^-homotopy category and X is (See Theorem 4.3 and Lemma 4.4 of f5B^). 

Our goal now is to find an analogue for the previous theorem in the context of symmetric monoidal 
(oo, l)-categories. 

Definition 4.18. Let C® be a symmetric monoidal {co, I) -category and let X be an object in C We say 
that X is symmetric if there is a 2-equivalence in 6 between the cyclic permutation a : (X Cg) X ® X)^"'^'^''^) 
and the identity map of X ® X ® X . In other words, we demand the existence of a 2- cell in 6 

X®X®X^-^X®X®X (272) 




X®X®X 

providing an homotopy between the cyclic permutation and the identity. In fact, since G is a quasi- category, 
this condition is equivalent to ask for a to be equal to the identity in h{G). 
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This notion of symmetry is well behaved under equivalences. Moreover, it is immediate that monoidal 
functors map symmetric objects to symmetric objects. 



Remark 4.19. Let V be a symmetric monoidal model category with a cofibrant unit 1. Recall that a unit 
interval / is a cylinder object for the unit of the monoidal structure / C'(l), together with a map I® / I 
such that the diagrams 



1 



So 



(273) 



I®1 C^I- ^ 1 



Id, 



(274) 



Inl- 



and 



(275) 



commute, where do, 9i : 1 — > / and tt : / — >■ 1 are the maps providing / with a structure of cylinder object. 

Recall also that two maps f,g:A—^-B are said to be homotopic with respect to a unit interval / if there 
is a map H : A® I ^ B rendering the diagram commutative 





In [43 -Def.9.2, the author defines an object X to be symmetric if it is cofibrant and if there is a unit 
interval I, together with an homotopy 



H: X®X®X®I^X®X®X (277) 

between the cyclic permutation a and the identity map. We observe that if an object X is symmetric in 
the sense of |43| then it is symmetric as an object in the underlying symmetric monoidal (oo, l)-category 
of V in the sense of the Definition 14.181 Indeed, since V is a symmetric monoidal model category with a 
cofibrant unit, the full subcategory of cofibrant objects is closed under the tensor product and therefore 
inherits a monoidal structure, which moreover preserves the weak-equivalences. In the Section 13.91 we used 
this fact to define the underlying symmetric monoidal (oo, l)-category of V, N{{V'^)^)[W~^] (see Section !?^ 
for the notations). Its underlying {oo, l)-category is Af(V'^)[T4^^^] and its homotopy category is the classical 
localization in Cat. Moreover, it comes canonically equipped with a monoidal functor L : N{{V'^)^) 
N{{V'^)'^)[W~^]. Now, if X is symmetric in V in the sense of [43 , the homotopy H forces a to become the 
identity in h{N {V'^)[W~^]) (because the classical localization functor is monoidal and the map / 1 is a 
weak-equivalence). The conclusion now follows from the commutativity of the diagram induced by the unit 
of the adjunction {h, N) 
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(278) 



iV(/i(Ar(V=))) iV(/i(iV(V^)[VF-i])) 

and the fact that the both horizontal arrows are monoidal and therefore send the cychc permutation of the 
monoidal structure in V to the cychc permutation associated to the monoidal structure in N{{V'^)®)[W~^]. 

We now come to the generalization of the Theorem 9.3 of [43j- The following results relate our formal 
inversion of an object to the construction of spectrum objects. 



Remark 4.20. Let be a small monoidal (cxd, l)-category and let M be an object in Mod^^ ( Catoo) (which 
we will understand as a left- module) . Since Catoo admits classifying object for endomorphisms (given by 
the categories of endofunctors) , the data of M is equivalent to the data an (oo, l)-category M := M(m) 
together with a monoidal functor : C® — ?► End{M)® where the last is endowed with the strictly associative 
monoidal structure induced by the composition of functors. 

If X is an object in C, the endofunctor T{X) : M ^ M corresponds to the action of X in M by means 
of the operation C x Af -> M encoded in the module-structure. We will call it the multiplication by X. 

Notice that if the monoidal structure C® is symmetric, the map T{X) extends to a morphism of module- 
objects T{X) : M — M. The standard coherences Pt{x),y that make T(X) a "C-linear" map are given by 
the image through T of the twisting equivalences tx,y : X ®Y ^ Y ® X va. Q. More precisely, we have 
commutative squares in C 



T{X ® Y) 



■T{X) ~ T{Y) 



(279) 



■T{Y)oT{X) 



T{Y®X) - 

given by the fact T is monoidal. 

The following is our key result: 

Proposition 4.21. Let 6® be a small symmetric monoidal {po, l)-category and X be a symmetric object in 
6. Then, for any -module M, the colimit of the diagram of -modules 



StabxiM) := coUrmtMod,^{Cat^){- M — ^ M M ...) (280) 

is a -module where the multiplication by X is an equivalence. 

Proof. Since Cat^ is compatible with all small colimits, the Corollary 3.4.4.6 of [63] implies that Stabx(M) 
exists as an object in Modg® (Catoo) and it also that it can be computed in Catoo by means of the forgetful 
functor. This means that the colimit module Stabx{M) corresponds to a C-module structure on the (cx), 1)- 
category 

, , , T(X) T(X) T{X) 

Stabx{M) colimit cat^i- ^ M —4- M —4- M —4- ...) (281) 

To be more precise, this diagram is an object in Fun{N{Z), Catoo) and our sketch misses all the faces 

^^Since we are working the commutative setting, we could also refer to the Corollary 4.2.3.5 of | 63| 



86 



T(X) 



T{X) 




(282) 



T{X)oT{X) 



M 



providing the compositions. Moreover, since T is a monoidal functor, we can find a 2-cell providing an 
homotopy between the composition T[X) oT[X) and the multiphcation map T[X ® X). 

Since Cai® is compatible with cohmits, the C-action QxStabx{M) — >■ Stabx{M) is given by the canonical 
map induced between the colimits of the two rows 



idxT{X) idxT(X) idxT(X) 

e X M --U-e X M ^— X M — 



M 




T(X) 



M 




(283) 



T{X) 



■M- 



T(X) 



where the vertical maps correspond to the action of C on M and the faces correspond to the coherences that 
make T{X) a map of modules, which as we saw in the previous remark are given by the twisting equivalences 
provided by the symmetry of C®. 

We can now prove the statement concerning the multiplication by X. Of course, it is a particular case 
of the previous diagram, replacing the vertical arrows by T{X) and keeping the coherences 



T{X) 



T(X) 



T(X) 




(284) 



T{X) 



T{X) 



T(X) 



which in this case arc induced by the twisting permutation equivalence tx,x : X ® X ^ X ® X. 

The crucial observation is that the horizontal composition of the natural transformations I3t{x),y°Pt{x),y 
can be identified with the natural transformation T{a) induced by the cyclic permutation cr : X (g) X (g) X — > 
X ® X ^ X. To see this, let us rewrite the previous diagram keeping track of the different copies of X 



T(Xi) 




(285) 



T{X^) 



T(X2) T{X3) 

Since the composition in End{M) is strictly associative, we find a commutative diagram in C 
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TXi,X2'^Id3 



■ T{Xi) o (r(X2) o T{X3)) = (T(Xi) o T{X2)) o TiXs) 



(286) 



T(7X2,Xi,X3) 



r(X2«)(Xi®X3) 



T(/<i2«lTXi,X3) 



r(X2® (X3®Xi)) 



(T(X2)or(Xi))oT(X3) 



-r(X2)(or(Xi)or(X3)) 

T(/<i2)ofiT,(Xi),X3 

■ r(X2)o(r(X3)oT(Xi)) 



where the horizontal arrows are the natural equivalences that make T nionoidal and the map ^x2,Xi.X3 is 
the associativity restrain in 6. The relation with the cyclic permutation a follows from the definition of a: 
it is constructed as the composition (/c?2 (8) TXi.Xa) ° JX2,Xi,X3 ° {txi,X2 ® Id^) in C. 

Finally, since X is symmetric, there is a 2-cell in C providing an homotopy between a and the identity 
of X (El X (E) X. T sends it to a 3-cell in Catoo providing an homotopy between the natural transformation 
T{a) and the identity. By cofinality, the colimit map induced by the previous diagram is in fact equivalent 
to the colimit map induced by 



TiX) 



T{X) 



TiX) 



T{X) 




(287) 



T{X) T(X) T(X) T{X) 

and therefore, the induced colimit map Stahx{M) Stabx{M) is an equivalence. 



□ 



Remark 4.22. A similar argument shows that the same result holds if X is n-symmetric, meaning that, 
there exists a number n e N such that r" is equal to the identity map in h{C). 



Remark 4.23. The Remark 14.201 and the Proposition 14.211 applies mutatis-mutandis in the presentable 
setting. This is true because of the Proposition 13.231 - Tr^ admits classifying objects for endomorphisms. 
If M is a presentable (oo, l)-category, End'"{M) is a classifying object for endomorphisms of M, with the 
strictly associative monoidal structure given by the composition of functors. 

We can finally establish the connection between the adjoint x) '^^'^ notion of spectra. 

Corollary 4.24. Let 6® be a presentable symmetric monoidal (oo, l)-category and let X be a symmetric 
object in 6. Given a G'^ -module M , Stabx{M) is a -module where X acts as an equivalence and therefore 
the adjunction of Proposition \4-10\ provides a map of -modules 



fPr 

'^(e»,x) 



(A/) -> Stabx{M) 



(288) 



This map is an equivalence. In particular, the underlying oo-category of the formal inversion C^[X ^] is 
equivalent to the stabilization Stabx{G). 



Proof. The map can be obtained as a composition 

^fe«,x)(^^) ^ £fe®,x)(^i«^x(^-^)) ^ StabxiM) 



(289) 
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where the first arrow is the iniage of the canonical map AI — >■ Stabx{M) by the adjunction -C^^^ and 
the second arrow is the counit of the adjunction. In fact, with our hypothesis and because of the previous 
Proposition, the action of X is invertible in Stabx{M) and therefore, by the Proposition 14.101 the second 
arrow is an equivalence It remains to prove that the first map is an equivalence. But now, since Stabx{M) 
is a colimit and -C^^^® x) ^ left-adjoint and therefore commutes with colimits, we have a commutative 
diagram 

^{e^,x)iM) Lf^^^ x)iStabx{M)) (290) 



Stabx{^(^^,^x)iM)) 

where the diagonal arrow is the colimit map induced by the stabilization of L^^c^ ^^(M). It is enough now 
to observe that if M is a C^-module where the action of X is already invertible, then the canonical map 
M — > Stabx(M) is an equivalence of modules. The 2 out of 3 argument concludes the proof. 

□ 

Remark 4.25. Let 6*^ be a small symmetric monoidal oo-groupoid and let X be a symmetric object in C. 
Then, using the same arguments as in the proof of the previous corollary together with the fact that the 
(oo, l)-category of spaces § admits classifying objects for endomorphisms, we deduce that the underlying 
(oo, l)-category of the formal inversion L^^^'^^ '"^ i^"^) of the Remark 14.71 is equivalent to the stabilization 
5ta6^"'^'^'(C) obtained as the colimit in § of the diagram induced by the multiplication by X . Moreover, 
since the inclusion § C Cat^o admits a right adjoint (the "maximal cxD-groupoid" ) , it preserves colimits and 
we see that the comparison map of 14. 71 is an equivalence 

^.V).x(*(e^))(i> ^ Stabxm) ^ ^iStabT'^\e)) ^ £~'«(e«)(i) (291) 
where StabxiiiG)) is the stabilization in Catao- 

Example 4.26. In [S^ the author introduces the (oo, l)-category of spectra Sp as the stabilization of the 
(oo, l)-category of spaces. More precisely, following the notations of the Example 14. 131 it is given by 

^P:=^Prs.,n.)(§*/) (292) 

where § denotes the (oo, l)-category of spaces. By the Propositions and 1.4.3.6 and 1.4.4.4 of [63 this 
(oo, l)-category is presentable and stable and by the Proposition 6.3.2.18 of [6 3) it admits a natural pre- 
sentable stable symmetric monoidal structure Sp® which can be described by means of a universal property: 
it is an initial object in C AlgiVr^^^). The unit of this monoidal structure is the sphere-spectrum. 

Our corollarv l4 .241 provides an alternative characterization of this symmetric monoidal structure. We start 
with the (oo, l)-category of pointed spaces. Recall that this (oo, l)-category is presentable and admits a 
monoidal structure given by the so-called smash product of pointed spaces, (see the Remark 6.3.2.14 of [55] 
and the section [5?2] below) . We will denote it as According to the Proposition 6.3.2.11 of [63], §^ has an 
universal property amongst the presentable pointed symmetric monoidal (oo, l)-categories: it is a initial one. 
The unit of this monoidal structure is the pointed space 5° — *Y[*- We will see below (Corollary 15.61 and 
Remark 15. 7p that is the underlying symmetric monoidal (oo, l)-category of the combinatorial simplicial 
model category of pointed simplicial sets equipped with the classical smash product of spaces. Since 
is symmetric in Z\, with respect to this classical smash (see the Lemma 6.6.2 of [S]), by the Remark 14.191 
it will also be symmetric in Our inversion §^[(5'^)""'^] provides a new presentable symmetric monoidal 
(oo, l)-category and because of the symmetry of S^, the fact that {S^ A — ) can be identified with Sg and the 
Corollarv l4.241 we conclude that the underlying (oo, l)-category of §^[(5^)^^] is the stabilization defining Sp 
and therefore that §;|} [(S*^)"^] is a presentable stable symmetric monoidal (oo, l)-category. By the universal 
property of Sp^ there is a unique (up to a contractible space of choices) monoidal map 
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sp^ ^ sens')-'] 



(293) 



At the same time, since every stable presentable (oo, l)-category is pointed, the universal property of 
ensures the existence of a canonical morphism 

§C ^ ^p® (294) 

which is also unique up to a contractible space of choices. This morphism is just the canonical stabilization 
morphism and it sends S' to the sphere-spectrum in Sp and therefore the universal property of the localization 
provides a factorization 

S::[{S')-'] Sp^ (295) 

which is unique up to homotopy. By combining the two universal properties we find that these two maps 
are in fact inverses up to homotopy 

Remark 4.27. The technique of inverting an object provides a way to define the monoidal stabilization of a 
pointed presentable symmetric monoidal {oo, l)-category C*. It follows from the Proposition 6.3.2.11 of f63] 
that for any such 6® , there is an essentially unique (base-point preserving and colimit preserving) monoidal 
map / : — 5- C®. Let f{S') denote the image of the topological circle through this map. The (presentable) 
universal property of inverting an object provides an homotopy commutative diagram of commutative algebra 
objects in Tr^ 

K (296) 

The monoidal map §^ — ?> Sp'^ produces a forgetful functor 

CAlg{yr^)spS: / CA/.g(Tr^)sA / (297) 

which by the Proposition 14.101 is fully faithful and admits a left-adjoint given by the base-change formula 
6*^ M- Sp^ CS)sf C® . The combination of the universal property of the adjunction and the universal property of 
inverting an object ensures the existence of an equivalence of pointed symmetric monoidal (cx), l)-categories 

e^[f{s')~'] ~ Sp^ e® (298) 

Finally, by the combination of the Proposition |4T0] with the Example 6.3.1.22 of [63] we deduce that the 
underlying (oo, l)-category of C'^[f{S')~'] is the stabilization Stab{C). Moreover, we deduce also that if C*^ 
is a stable presentable symmetric monoidal (oo, l)-category and X is any object in C, the inversion C®[X~^] 
remains stable presentable. Indeed, by the previous discussion, 6 is stable if and only if f{S') is invertible. 
Since the inversion functor C*^ — > C®[X~^] is monoidal, the image of S' in C[X^^] will again by invertible 
so it is stable. 

4.3 Connection with the Symmetric Spectrum objects of Hovey 

We recall from [43] the construction of symmetric spectrum objects: Let V be a combinatorial simplicial 
symmetric monoidal model category and let M be a combinatorial simplicial V-model category. Following 
the Theorem 7.11 of 43J, for any object X in V we can produce a new combinatorial simplicial V- model 
category Sp^{JA, X) of spectrum objects in M endowed with the stable model structure and where X acts 
by an equivalence. In particular, by considering V as a V-model category (using the monoidal structure) 
the new model category Sp^{V,X) inherits the structure of a combinatorial simplicial symmetric monoidal 



Sp 



®^S^[(5i)- 
I 
I 

Y 
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model category and there is left simplicial Quillen monoidal map V Sp^{V, X) sending X to an invertible 
object. 

This general construction sends an arbitrary combinatorial simplicial V- model category to a combinatorial 
simplicial V-model category where the action of X is invertible. In fact, by the Theorem 7.11 of |33] 
Sp^(M.,X) is a combinatorial simplicial Sp^{V, X)-model category. This a first sign of the fundamental 
role of the construction of symmetric spectrum objects as an adjoint in the spirit of Section 14.11 We have 
canonical simplicial left Quillen maps 

Sp^{V, X) Sp^{Sp^{V, X), X) Sp^{Sp^\V, X), X) ^ Sp^iV, X) (299) 

but in general the last map is not an equivalence. By the Theorem 8.1 of ^43j for the last map to be an 
equivalence we only need Sp^^{V,X) to be a V-model category where X as an equivalence. This is exactly 
the functionality of the symmetric condition on X (see Theorems 9.1 and 9.3 in [43]). 
We state our main result 

Theorem 4.28. Let V be a combinatorial simplicial symmetric monoidal model category whose unit is cofi- 
brant and let X be a symmetric object in V in the sense of the Def. 9.2 in \43l . Let Sp^{V ,X) denote 
the combinatorial simplicial symmetric monoidal model category provided by Theorem 7.11 of 14^ , equipped 
the convolution product. Let 6® := N{{V'')^)[W-^], respectively S'p|(e)® := N{{Sp^{V, XY)'^)[W-^] 
denote the underlying symmetric monoidal {oo,l)- category of V, resp. Sp^{V,X) (see Section \3.9\ for 
the details). By the Corollary 4-1-3.16 of \63f we have monoidal equivalences C® ~ 3Nf^((V°)®) and 
S-pKe)® ~ iV|((S'p^(V,X)°)®) and therefore both and 5^1(6)® are presentable symmetric monoidal 
{oo^l)- categories. Moreover, the left-Quillen monoidal map V — > Sp^{V,X) induces a monoidal functor 
e** — >■ SpxiG)® (see the Prop. \3.26\) which sends X to an invertible object, endowing S'p^(e)® with the 
structure of object in CAlg{yr^)^^ ^. In this case, the adjunction of the Prop \4-lO\ provides a monoidal map 

e«[x-i] ^ £fe'^^^)(e®) Sprier (3oo) 

We claim that this map is an equivalence of presentable symmetric monoidal {oo,l)- categories. 

Proof. By the remark [4. 191 if X is symmetric in the sense of [43] then it is symmetric in 6*^ in the sense of 
the Definition HtU 

By definition, the map is obtained as a composition 

— - ^iefx)isp^ier) — - sp^xier m) 

where the last arrow is the counit of the adjunction of Proposition 14.101 To prove that this map is an 
equivalence it is enough to verify that the map between the underlying {oo, l)-categories 

^fe«.x)(e)^5p|(e) (302) 

is an equivalence. But now, by the combination of the Corollarv 14.241 with the main result of the Corollary 
9.4 in |43| . we find a commutative diagram of equivalences 

5p|(e) = iVA(5p^(V,X)°) (303) 



Stabxie) ~ iVA(5pN(V,X)°) ^Stabx{NA{Sp^{V,X)°)) ^ NAiSp'^iSp^ (V, X), X)°) 

where the left vertical map is an equivalence because X is symmetric in 6®; the equivalence Stabx(C) — 
Na{Sp^{V,X)°) follows from the Proposition 14. 151 and the fact that 6 is presentable; the right vertical map 
is an equivalence because X is already invertible in Na{Sp^{V, X)°) and because a Quillen equivalence 
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between combinatorial model categories induces an equivalence between the underlying (cx), l)-categories 
(see Lemma 1.3.4.21 of [B^"). This same last argument, together with the Corollary 9.4 of [13], justifies the 
fact that the lower horizontal map is an equivalence. 

□ 

Remark 4.29. In the proof of Theorem l4.281 we used the condition on X twice. The first using the result of 
[43] and the second with the Proposition 14. 151 We believe the use of this condition is not necessary. Indeed, 
everything comes down to prove an analogue of Proposition 14 . 1 5) for the construction of symmetric spectrum 
objects, replacing the natural numbers by some more complicated partially ordered set. If such a result is 
possible, then the construction of symmetric spectra in the combinatorial simplicial case can be presented as 
a colimit of a diagram of simplicial categories. In this case, the Proposition 14.211 would follow immediately 
even without the condition on X. We will not pursue this topic here since it won't be necessary for our 
goals. 

Example 4.30. The combination of the Theorem 14.281 together with the Remark 14.191 and the Example 
l4.26l Drovides a canonical equivalence of presentable symmetric monoidal presentable (oo, l)-categories Sp^ ~ 

5 Universal Characterization of the Motivic Stable Homotopy 
Theory of Schemes 

Let U G V 6 W be universes. In the following sections, we shall write Sm-^'^{S) to denote the V-small 
category of smooth separated U-small schemes of finite type over a Noetherian U-scheme S. 

5.1 A^-Homotopy Theory of Schemes 

The main idea in the subject is to "do homotopy theory with schemes" in more or less the same way we do 
with spaces, by thinking of the afRne line as an "interval". Of course, this cannot be done directly inside 
the category of schemes for it does not have all colimits. In [BB], the authors constructed a place to realize 
this idea. The construction proceeds as follows: start from the category of schemes and add formally all the 
colimits. Then make sure that the following two principles hold: 

I) the line becomes contractible; 

II) if X is a scheme and U and V are two open subschemes whose union equals X in the category of 
schemes then make sure that their union continues to be X in the new place; 

The original construction in [66 was performed using the techniques of model category theory and this 
place is the homotopy category of a model category Mai . During the last years their methods were revisited 
and reformulated in many different ways. In '28', the author presents a "universal" characterization of 
the original construction using the theory of Bousfield localizations for model categorief[^ together with a 
universal characterization of the theory of simplicial presheaves, within model categories. The construction 
of |28j can be summarized by the expression 

Mai ^ Lj,iLHyperms{{SPsh{Smf\sm (304) 

where SPsh{—) stands for simplicial presheaves with the projective model structure, LnyperNis corresponds 
the Bousfield localization with respect to the collection of the hypercovers associated to the Nisnevich topology 
(see below) and Lai corresponds to the Bousfield localization with respect to the collection of all projection 
maps X X h} ^ X. 



25see gOj 
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It is clear today that model categories should not be taken as fundamental objects, but rather, we 
should focus on their associated (oo, l)-categories. In this section, we use the insights of |2H] to perform the 
construction of an (cxd, l)-category 5f (S') directly within the setting of oo-categories. By the construction, 
it will have a universal property and using the link described in Section 12.21 and the theory developed by 
J.Lurie in |62J relating Bousfield localizations to localizations of oo-categories, we will be able to prove that 
J{{S) is equivalent to the oo-category underlying the model category of Voevodsky-Morel. 

The construction of 3-({S) proceeds as follows. We start from the category of smooth schemes of finite 
type over S - Sm-^*(S) and consider it as a trivial V-small (oo, l)-category N{Sm-^*(S)). Together with 
the Nisnevich topology f[69j). it acquires the structures of an oo-site (see Definition 6.2.2.1 of |62)). By 
definition (see Def. 1.2 of [66]) the Nisnevich topology is the topology generated by the pre-topology whose 
covering families of an S'-scheme X are the collections of etale morphisms {fi : Ut — )■ X}i^i such that for 
any x ^ X there exists an i S / and Ui € Ui such that fi induces an isomorphism between the residual fields 
k{x) ~ k{ui). Recall from [66 (Def. 1.3) that an elementary Nisnevich square is a commutative square of 
schemes 

P~HU) (305) 

p 

u — '-^x 

such that 

a) i : U ^ X is an open immersion of schemes; 

b) p : V ^ X is an etale map; 

c) the square (|305p is a puUback. In particular p^^{U) V is also an open immersion. 

d) the canonical projection p~^{X — [/)—> X — t7 is an isomorphism where we consider the closed subsets 
Z -.^ X — U and p~^Z both equipped with the reduced structures of closed subschemes; 

and from this we can easily deduce that 

e) the square 

p-^iZ) (306) 

p 

X^ Z --X -u 

is a puUback with both Z and p^^{Z) equipped with the reduced structures; 

e) the square (|305p is a pushout. 

The crucial fact is that each family (V — >■ X, [/ — >■ X) as above forms a Nisnevich covering and the 
families of this form provide a basis for the Nisnevich topology (see the Proposition 1.4 of ,66j)- We consider 
the very big (oo, l)-category T^'^a i^N{Smf\S))) Fun{N{Sm^\S))°P ,§) of presheaves of (big) homotopy 
types over N{Sm-^'^{S)) (See Section 5.1 of [51]) which has the expected universal property (Thm. 5.1.5.6 of 
[62]): it is the free completion of N{Sm-^'^ (S)) with V-small colimits (in the sense of oo-categories). Using the 
Proposition 4.2 AA of [62] we can immediately identify y'''^^{N{Sm-^'^(S))) with the underlying oo-category of 
the model category of simplicial presheaves on Sm^^^S) endowed with the projective model structure. The 
results of |62] provide an oo-analogue for the classical Yoneda's embedding, meaning that we have a fully 
faithful map of oo-categories j : N{Smf'\S)) ^ y'"s {N {Smf\S))) and as usual we will identify a scheme X 
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with its image j{X). We now restrict to those objects in T''^^ {N {Sm-^^ (S))) which are sheaves with respect 
to the Nisnevich topology. Because the Nisnevich squares form a basis for the Nisnevich topology, an object 
is a sheaf iff it maps Nisnevich squares to pullback squares. In particular, every 
representable j{X) is a sheaf (because Nisnevich squares are pushouts). Following the results of 62J, the 
inclusion of the full subcategory Sh%%iSm^\S)) C 'J>'''3(^N{Sm^\S))) admits a left adjoint (which is known 
to be exact - Lemma 6.2.2.7 of [62]) and provides a canonical example of an oo-topos (See Definition 6.1.0.4 
of [62]). More importantly to our needs, this is an example of a presentable localization of a presentable 
(oo, l)-category and we can make use of the results discuss in Section Notice also that the fact that any 
Nisnevich square is a pushout square, implies that any representable j{X) is a Nisnevich sheaf. 

Remark 5.1. In the case S is affine given by a ring fc, the category of smooth schemes Sm-^'^{S) can be 
replaced by the category of affine smooth schemes of finite type over k, N [AffSm^^ {k)) , and the resulting 
(oo, l)-categories Sh!'^\^{Sm^*'{S)) and Sh!'^\^{N {AffSm^^ {k))) are equivalent. This follows because we can 
identify Sm^\S) with a fuU subcategory oiy'^^a {^N {AffSm^\k))) using the map sending a smooth scheme X 
to the representable functor Y £ N {AffSm'^^ {k)) H> Homg^j^stf^g-^iY, X), and this identification is compatible 
with the Nisnevich topologies. For more details see [5S] . 

Next step, we consider the hypercompletion of the oo-topos Sh^j^^-^{Sm-^*{S)) (see Section 6.5.2 of 162)). 
By construction, it is a presentable localization of S h^j^^-^{Sm-^'^ (S)) and by the Corollary 6.5.3.13 of [HI] it 
coincides with Sh^^\^{Smf\S)fyP: the localization of ^^'f (A^(S'm-^*(5))) spanned by the objects which are 
local with respect to the class of Nisnevich hypercovers. 

Finally, we reach the last step: We will restrict ourselves to those sheaves in S}i^\^{Sm^*' {S))^^^ sat- 
isfying A-'^-invariance, meaning those sheaves F such that for any scheme X, the canonical map induced 
by the projection F{X) -> F{X x A^) is an equivalence. More precisely, we consider the localization of 
Sh''j^^^g{Sm-^* {S))'^yp with respect to the class of all projection maps {X x A^ ^ ^}xeObj{Smf'{S))- We will 
write iK(S') for the result of this localization and write Z^i : Sh!'^^^_,{Sm^*' {S))'^^^ 'K{S) for the localization 
functor. Notice that !K(5) is very big, presentable with respect to the universe V. It is also clear from the 
construction that J{(5) comes naturally equipped with a universal characterization: 

Theorem 5.2. Let Sm^*{S) he the category of smooth schemes of finite type over a base noetherian scheme 
S and let L : N(Sm-^*{S)) — > !K(5) denote the composition of localizations 

N{Smf\S)) ^ y^'3{N{Smf\S))) Sh%{Smf\S)) ^ Sh%{Smf*{S))''yP ^ 5{(5) (307) 
Then, for any (oo, l)-category D with all W-small colimits, the map induced by composition with L 

Fun^CK{S), V) Fun{N{Sm^'\S)), D) (308) 

is fully faithful and its essential image is the full subcategory of Fun{N{Sm^*^{S)), D) spanned by those func- 
tors satisfying Nisnevich descent and A^-invariance. The left-side denotes the full subcategory of Fun{'K{S), D) 
spanned by the colimit preserving maps. 

Proof. The proof follows from the combination of the universal property of presheaves with the univer- 
sal properties of each localization in the construction and from the fact that for the Nisnevich topol- 
ogy in Sm^*'{S), descent is equivalent to hyperdescent and therefore the localization Sh^^\g{Sm^^ {S)) -> 
Sh^^\,{Smf\S)fyP is an equivalence. □ 

Our goal now is to provide the evidence that 'K{S) really is the underlying (oo, l)-category of the A^- 
model category of Voevodsky-Morel. In fact, we already saw that our first step coincides with the first step 
in the construction of M^i - simplicial presheaves are a model for oo-presheaves. It remains to prove that 
our localizations produce the same results of the Bousfield localizations. But of course, this follows from 
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the general results in the appendix of [55] applied to the model category M :— SPsh{Sm^*{S)). (See our 
introductory survey [5.2. 2p . 

Remark 5.3. It is important to remark that the sequence of functors in the Theorem 15. 21 can be promoted 
to a sequence of monoidal functors with respect to the cartesian monoidal structures 

N{Smf\S))'' y'^siNiSm^'iSW ^ Sh%{Smf\S))'' ^ {Sh%{Smf\S))''yP)'' ^ Jf(5)^ (309) 

The first is the Yoneda map which we know commutes with limits. The second map is the sheafification 
functor which we also know is exact. The last functor is a monoidal localization because of the definition 
of the A^-equivalences. These localized monoidal structures are cartesian because of the existence of right- 
adjoints. 

5.2 The monoidal structure in CK(5')* 

Let 'K{S) be the {oo, l)-category introduced in the last section. Since it is presentable it admits a final object 
* and the (oo, l)-category of pointed objects ?f(S')* is also presentable (see Proposition 5.5.2.10 of [62]. In 
this case, since the forgetful functor J{(S')* — ?• IH(S') commutes with limits, by the Adjoint Functor Theorem 
(see the Corollary 5.5.2.9 of [62 ) it admits a left adjoint ()+ : ^K(S') — > ?{(5')* which we can identify with 
the formula X H> :— In order to follow the stabilization methods of Morel- Voevodsky we need 

to explain how the cartesian product in !K{S) extends to a symmetric monoidal structure in 5{.(S)^ and how 
the pointing morphism becomes monoidal. 

This problems fits in a more general setting. Recall that the (oo, l)-category of spaces § is the unit 
for the symmetric monoidal structure Vr^^^. In [S^-Prop. 6.3.2.11 the author proves that the pointing 
morphism — ]J * : S — §* endows §* with the structure of an idempotent object in yr-^'® and proves 
that its associated local objects are exactly the pointed presentable (oo, l)-categories. It follows from the 
general theory of idempotents that the product functor C M- C is a left-adjoint to the inclusion functor 
Trp^ C Tr^. Also from the general theory, this left- adjoint is monoidal. The final ingredient is that for 
any presentable (oo, l)-category 6 there is an equivalence of (oo, l)-categories 6, ~ 6 (g) §* (see the Example 
6.3.1.20 of [53]) and via this equivalence, the pointing map C C* is equivalent to the product map 
ide 0+ : C ® § — > C (8) §* where ()+ denotes the pointing map of spaces. Altogether, we have the following 
result 

Corollary 5.4. (Lurie) The formula 6^6* defines a monoidal left-adjoint to the inclusion Vrpi C Vr^ 
and therefore induces a left-adjoint to the inclusion CAlg[yrp^) C CAlg{'5'r^). In other words, for any 
presentable symmetric monoidal (oo, \)-category 6®, there exists a pointed presentable symmetric monoidal 
(oo, l)-category 6*^'^'' whose underlying (oo, l)-category is C,, together with a monoidal functor — > C!^^*^-* 
extending the pointing map C 6, , and satisfying the following universal property: 

(*) for any pointed presentable symmetric monoidal (oo, l)-category , the composition 

i^wn®'-^(e* 2)®) ^ Fun^^^ie®,^)®) (310) 

is an equivalence. 

Remark 5.5. In the situation of the previous corollary, given a functor F : C — > D with 2) being pointed, 
its canonical extension F 

e (311) 

F / 
/ 

" / 

is naturally identified with the formula (it : * — > X) h- J> cofiber{u) G D. 
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The symmetric monoidal structure 6^^*^' will be called the smash product induced by 6®. Of course, if 
6® is already pointed we have an equivalence 6* ~ C*. In the particular case when 6® is Cartesian, we 
will use the notation 

Let us now progress in a different direction. Let M be a combinatorial simplicial model category. Assume 
also that M is cartesian closed and that its final object * is cofibrant. This makes M a symmetric monoidal 
model category with respect to the cartesian product and we have an monoidal equivalence 

7V|((M°)^) - iVA(M°)^ (312) 

Moreover, because the product is a Quillen bifunctor, N^CM")^ is a presentable symmetric monoidal 
(oo, I)-category and therefore we equip iVA(M°)* with a canonical presentable symmetric monoidal structure 
Na{^°)^ for which the pointing map becomes monoidal 

NA{M°r Na{M°)^ (313) 

Independently of this, we can consider the natural model structure in (see the Remark 1.1.8 in }41j'). 
Again, it is combinatorial and simplicial and comes canonically equipped with a left-Quillen functor M — 
defined by the formula X i— > Moreover, it acquires the structure of a symmetric monoidal model 

category via the usual definition of the smash product, given by the formula 

\ A fv \ (-^, x) X (y, y) 
{X,.)V{Y,y) 

It is well-known that this formula defines a symmetric monoidal structure with unit given by (*)+ and 
by the Proposition 4.2.9 of gl] it is compatible with the model structure in M*. Let iVf (((M*)°)^"="°') 
be its underlying symmetric monoidal (oo, l)-category. The same result also tells us that the left-Quillen 
map M — > M* is monoidal. By the Proposition 13.261 it induces a monoidal map between the underlying 
symmetric monoidal (oo, l)-categories. 

: 7Va(M°)^ iV|(((M,)°)^— ') (315) 

Of course, iV^(((M*)°)^""'°' ) is a pointed presentable symmetric monoidal (oo, l)-category and by the 
universal property defining the smash product we obtain a monoidal map 

iVA(M°)*^®' ^ TVf (((M,)°)^— (316) 
Corollary 5.6. The upper map is an equivalence of presentable symmetric monoidal {oo,l)- categories. 
Proof. Since the map is monoidal, the proof is reduced to the observation that the underlying map 

/ = /(^) : ^a(M°), ^ NAim.T) (317) 

is an equivalence. To prove this, we observe first that since * is cofibrant, we have an equality of simplicial 
sets iVA(M°), — N a{{^°)*). Secondly, we observe that the cofibrant-fibrant objects in (M*) are exactly 
the pairs {X, * — > X) with X cofibrant-fibrant in M and * ^ X a. cofibration. This means there is a natural 
inclusion of (oo, l)-categories i : iVA(((M*)°) C iVA((M°),). It follows from the definition of the model 
structure in M» that this inclusion is essentially surjective: if {X,* — > X) is an object in Na{{M.°)*), we 
consider the factorization of * — > X through a cofibration followed by a trivial fibration in M, 

X' ^X (318) 

Of course, {X', * ^ X') is an object in iVA(((3Vt*)°) and it is equivalent to {X, * X) in Na{{M.°)^). 
Finally, we notice that the composition i o f : Na{M.°) ^ NaCO^*)°) ^ Na{{'M°)^) yields the result of 
the canonical pointing map NaCM") Na{^°)*. Indeed, the pointing map is characterized by the universal 
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property of the homotopy pushout, and since * X in A^a((3VC»)°) is a cofibration and X is also cofibrant, 
the coproduct X ]J * is an homotopy coproduct. The result now follows from the universal property of the 
pointing map. □ 



Remark 5.7. If M = Zi is the model category of simplicial sets with the cartesian product, it satisfies the 
above conditions and we find a monoidal equivalence between §^ and the underlying symmetric monoidal 
(oo, l)-category of Z\* endowed with the classical smash product of pointed spaces. 

Remark 5.8. If C is a simplicial category, the left-Quillen adjunction A ^ A^, extends to a left Quillen 
adjunction SPsh{G) — > SPsh^:{C), where SPsh^{G) corresponds to the category of presheaves of pointed 
simplicial sets over C, endowed with the projective model structure (see Appendix). It follows that 
SPsh{G) has all the good properties which intervene in the proof of the Corollarv IS .61 and we find a monoidal 
equivalence NA{SPsh{Q)°)^ -J> TVf ((S'Ps/i*(e)°)'^"=""') where the last is the underlying symmetric monoidal 
(oo, l)-category associated to the smash product in 5Ps/i(C)*. 

The CoroUarv lS. 61 implies that 

Corollary 5.9. Let J{(S')^ be the presentable symmetric monoidal {oo,l) -category underlying the model 
category M encoding the -homotopy theory of Voevodsky- Morel together with the cartesian product. Let 
M* be its pointed version with the smash product given by the Lemma 2.13 of I66j . Then, the canonical map 
induced by the universal property of the smash product 

%{S)': Nf{{{JA^,)T) (319) 
is an equivalence of presentable symmetric monoidal {oo,l)- categories. 

In other words and as expected, ^K(S')^ is the underlying symmetric monoidal (oo, l)-category of the 
classical construction. 

5.3 The Stable Motivic Theory 

As in the classical setting, we may now consider a stabilized version of the theory. In fact, two stabilizations 
are possible - one with respect to the topological circle := A[1]/9A[1] (pointed by the image of i9A[l]) 
and another one with respect to the algebraic circle defined as Gm := — {0}. The motivic stabilization 
of the theory is by definition, the stabilization with respect to the product G„i A which we know (Lemma 
4.1 of [96]) is equivalent to (P\ oo) in M(5)*. El 

Definition 5.10. (Definition 5.7-190) Let S be a base scheme. The stable motivic oo-category over S 
is the underlying (oo, l)-category of the presentable symmetric monoidal oo-category SJ{(S')® defined by the 
formula 

S5f(S')^ := J({S)^[{P\oo)''^] (320) 

as in the Definition \4.8\ 

The standard way to define the stable motivic theory is to consider the combinatorial simplicial symmet- 
ric monoidal model category S'p^((Mai)*, (P^, oo)) where (M^i)* is equipped with the smash product. By 
the Lemma 4.4 of [96j together with the Remark 14.181 we know that (P^, oo) is symmetric and consequently 
the Theorem l4. 281 ensures that §3{{S)^ recovers the classical definition. In addition, since we have an equiv- 
alence (P^,oo) c± Gm A S^, the universal properties provide canonical monoidal equivalences of presentable 
symmetric monoidal (oo, l)-categories 

^®It is very easy to deduce this equivalence: take the Nisnevich covering of (P^, 1) given by two copies of both pointed at 
1, together with the maps — > sending x i—^ {1 : x), respectively, x i—^ {x : 1). Their intersection is A-"^ — {0} (also pointed 
at 1). The result follows because A-"^ is contractible in J{(S')* 
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Since is symmetric in (see [H] Lemma 6.6.2 together with the Remark l4.19p it is also symmetric 
in ^(5*);^ (because it is given by the image of the unique map §^ 'K{S)^). In this case, we can use the 
Proposition |424] to deduce that the underlying oo-category of (J{(S')^)[(S'^)~^] is equivalent to the stable oo- 
category Stab{'K{S)). Plus, since {'K{S)^)[{S^)~^] is presentable by construction, the monoidal structure is 
compatible with colimits, thus exact, separately on each variable. We conclude that it is a stable presentable 
symmetric monoidal (oo, l)-category. 

Finally, because (P^,cxd) is symmetric, the underlying oo-category of S!K(S')® is canonically equivalent 
to the colimit Stab(^pi ^^){Stab{3{{S))) which is again stable because Cat^ is closed under colimits. 

We summarize this discussion by saying that S5{(S')® is a stable presentable symmetric monoidal oo- 
category. In particular its homotopy category is triangulated and inherits a canonical symmetric monoidal 
structure. 

Corollary 5.11. Let S be a base scheme and Sm-^*{S) denote the category of smooth schemes of finite type 
over S , together with the cartesian product. The composition of monoidal functors 

e® : N{Smf\S))'' ^ T''^^' (iV(5m-^*(5)))^ ^ J{(5)^ ^ J{(5)C ^ :K{S)^[{S^)-^] ^ SJ{(5)® (322) 

satisfies the following universal property: for any stable presentable symmetric monoidal (oo, l)-category CD®, 
the composition map 

Fun'^^^{§^{S)'^,V®) Fun®(iV(5m^*(S'))^,2)®) (323) 

is fully faithful and its image consists of those monoidal functors N(Sm-^'^{S))^ 2)® whose underlying 
functor satisfy Nisnevich descent, -invariance and such that the cofiber of the image of the point at oo, 
S — P"'^ is an invertible object in 2?® . 

Proof. Here, N{Sm-^'^{S)) denotes the standard way to interpret an ordinary category as a trivial (oo, 1)- 
category using the nerve. The Yoneda map j : N{Smf'iS)) y'''s{N{Smf\S))) extends to a monoidal 
map because of the monoidal universal property of presheaves (consult our introductory section on Higher 
Algebra). By the Proposition 2.15 pg. 74 in [55], the localization functor 7'"'^ (N {Sm^\S))) 5f(5) is 
monoidal with respect to the cartesian structure and therefore extends to a monoidal left-adjoint to the 
inclusion M(5)^ C 'J>'>'9{N{Smf*{S)))'' . The resuh now follows from the discussion above, together with 
the Corollaries [531 and EH the Remark l4?27l the Theorem l4?28l and Remark [531 □ 

Remark 5.12. Thanks to the results of [73] the (oo, l)-category §K{k) is compactly generated, with compact 
objects given by the strongly dualizable objects in S5f(A:)®. 

Remark 5.13. To conclude this section, we record here an alternative description of the symmetric monoidal 
(oo, l)-category S3-C(fc)® using presheaves of spectra. We can start from the (oo, l)-category N{Sm-^*{S)) and 
consider the (oo, l)-category Fun{N (Sm-^* {S))°p , Sp) which is canonically equivalent to Stab(fP{N{Sm-^'^{S)))^,) 
(because the stabilization is obtained as limit). Using the Remark 14.271 we obtain a canonical monoidal struc- 
ture Fun{N{Sm^\S))°P, Sp)® defined by the inversion T(7V(5'm^*(S')))* [(5"^)-^ where T(7V(S'm^*(S')))* 
is the canonical monoidal smash structure given by the Prop. I5.4l extending the monoidal structure 'P{N{Sm^*{S))) 
of 13.111 We proceed as before and perform the localization with respect to the Nisnevich topology and 
and by the same arguments these are monoidal reflexive localizations. We will denote the result as 
Fun^l''{N{Sm^\S))''P,Sp)®. To conclude, we invert G„ and obtain a new stable presentable symmetric 
monoidal (oo, l)-category which by the universal properties envolved, is canonically monoidal equivalent to 
SJ{(fc)®. 

^'^Alternatively, we can also justify this fact using the Remark l4.27l 
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5.4 Stable Presentable Symmetric Monoidal (oo, l)-Categories of Motives over 
a Scheme 

One important result in the subject of motives (see |76|-Theorem 1.1) tells us that the homotopy category 
of modules over the motivic Eilenberg-Maclane spetrum MZ in 

h{B3{{S)) ~ /t(5p^((MAi)*,(P\oo))) (324) 

is (monoidal) equivalent to the triangulated category of motives constructed by Voevodsky in [97] (whenever 

5 is field of characteristic zero) . 

This brings the study of motives to the realm of abstract homotopy theory: it is encoded in the homotopy 
theory of module objects in S'p^((Mai)*i (P^jCxd))- However, this is exactly one of those situations where 
the theory of strictly commutative algebra-objects and their associated theories of modules do not have 
satisfactory model structures in the sense of the Section [331 Therefore, this is exactly one of those situations 
where the techniques of higher algebra are crucial: they provide a direct access to the (oo, l)-category of 
commutative algebra objects CAlg{§3{{S)) where we can recognize the iC-theory ring spectrum K (see for 
instance [35]) and the motivic Eilenberg-MacLane spectrum i?Z. Moreover, we also have direct access to 
the theory of modules 'M.ot{S) := ModHz{S^{S))- In addition, since §J{(S')® is a presentable symmetric 
monoidal (oo, l)-category, 3vlot{S) is also presentable and inherits a natural symmetric monoidal structure 
M.ot{S)'^. Plus, since §IK(S')® is stable, the (oo, l)-category JA.ot{S)'^ is also stable because an oo-category 
of modules-objects over an algebra in a stable symmetric monoidal oo-category, is stable. Therefore, the 
homotopy category h{'M.ot{S)) carries a canonical triangulated structure and by our results and the main 
result of [76] it is equivalent to the triangulated category of motives of Voevodsky. 

We should now be able to reproduce the results of [5j [6] and [21] in this new setting. More precisely, 
the assignment S ^ M,ot{S)'^ should be properly understood as an oo-functor with values in stable pre- 
sentable symmetric monoidal (oo, l)-categories and we should study its descent properties and verify the 
six- operations. 

6 Noncommutative Motives - Motivic Stable Homotopy Theory 
of Noncommutative Spaces over a Ring 

Our goal in this section is to formulate a motivic stable homotopy theory for the noncommutative spaces of 
Kontsevich [52] EH [53] . This new construction will be canonically related to the classical theory for schemes 
by means of the universal property proved in the previous chapter of this paper. We start with a small 
survey of the main notions and results concerning the Morita theory of dg-categories and its relation to 
the notion of finite type introduced by Toen-Vaquie in [91j . In the second part we review how a classical 
scheme gives birth to a dg-category Lqcoh{X) with a compact generator and compact objects given by the 
perfect complexes of quasi-coherent sheaves. It follows that Lpe{X) - the full sub-dg-category of Lqcoh{X) 
spanned by the compact objects - is enough to recover the whole Lqcoh{X). In [53], Kontsevich proposes the 
dg-categories of the form Lpe{X) as the natural objects of noncommutative geometry. We recall his notions 
of smoothness and properness for dg-categories and how they relate to the notion of finite type. The last 
is the appropriate notion of smoothness while the notion of Kontsevich should be understood as "formal 
smoothness". Following this, we define the (oo, l)-category of smooth noncommutative spaces l^cS as the 
opposite of the (oo, l)-category of dg-categories of finite type and explain how the formula X i— Lpe{X) can 
be arranged as a monoidal functor from schemes to J^cS. Finally, we perform the construction of a motivic 
stable homotopy theory for these new noncommutative spaces. After the work in the previous chapter, our 
task is reduced to find the appropriate analogue for the Nisnevich topology in the noncommutative setting. 
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6.1 Preliminairs on Dg-categories 



6.1.1 The Homotopy Theory of dg-categories over a ring 

For a first contact with the subject we recommend the highly pedagogical expositions in [7l|49]. In order to 
make our statements precise, we will need to work with three universes U G V G W (which we will assume 
big enough to fit our purposes) . The reader is invited to verify that none of the definitions and constructions 
depends on the choice of the universes. The U-small objects will be called small, the V-small big and the 
W-small, very big. We redirect the reader to the Section \TJ\ for our notations and conventions. 

Let U be our fixed base universe. For the rest of this section we fix a small commutative ring k and follow- 
ing the discussion in l3.10l we denote by Ch{k) the big category of (unbounded) complexes of small fc-modules. 
By definition, a small dg-category T is a small category enriched over Ch{k). In other words, T consists 
of: a small collection of objects Ob{T), for every pair of objects x,y G Ob{T) a complex of small fc-modules 
T{x, y) and composition maps T{x, y) ® T{y, z) — > T{x, z) satisfying the standard coherences of a composi- 
tion. To every small dg-category T we can associated a classical small category [T] with the same objects 
of T and morphisms given by the zero-homology groups H^{T{x, y)). It is called the homotopy category ofT. 

Let Catcm--^ the big category of all small dg-categories together with the C/i(fc)-enriched functors (dg- 
functors for short). 

Remark 6.1. We can of course give sense to these notions within any universe. In our context we will 
denote by Cat^^^^^^s^ the very big category of big dg-categories. We will allow ourselves not to mention the 
universes whenever the context applies for any universe. 

Let us provide some important simple examples: 

Example 6.2. Given a fc-dg-algebra A, we denote by Adg the dg-category with a single object and A as 
endomorphisms, with composition given by the multiplicative structure of A. This assignment provides a 
fully-faithful functor {~)dg '■ Alg{Ch{k)) ^ Catch(k)- With this, we a have a commutative diagram of 
fully-faithful functors between ordinary categories 



where the horizontal maps understand an algebra as a category with one object and the vertical maps 
understand an object as concentrated in degree zero. 

Example 6.3. The category of complexes Ch{k) has a natural structure of dg-category with the enrichement 
given by the internal-hom described in 13.101 We will write Chdg{k) to denote Ch{k) together with this 
enrichement. 

Construction 6.4. Every model category M with a compatible C/i(fc)-enrichment (see Def. 4.2.6 of [41]) 
provides a new dg-category /nt(M): the full dg-category of M spanned by the cofibrant-fibrant objects (usu- 
ally called the underlying dg-category o/M). Also in this case, the homotopy category h{Int(M.)) recovers 
the usual homotopy category of M. We will call /ni(M) the underlying dg-category o/M. This machine is 
crucial to the foundational development of the theory. The dg-category Chdg{k) of the previous item is a 
canonical example of this situation since its model structure is compatible with the C/i (fc)-enrichment. In 
this case, Int(Chdg{k)) is the full dg-subcategory of Chdg{k) spanned by the cofibrant complexes (all objects 
are fibrant). 



fc — algebras'^ 



k — additiveCats 



(325) 



Alg{Ch{k))^ 
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If T and T' are dg-categories, we can form a third dg-category T ®T' where the objects are the pairs 
(x, y) with X an object in T and y in T' and the mapping complex T(x)T'{{x, y), {x' , y')) is given by the tensor 
product of complexes in Ch{k), T{x, x')®T{y, y'). This formula endows Catch(k) with a symmetric monoidal 
structure with unit Ik given by the dg-category with a single object and k as its complex of endomorphisms. 
We can use the general arguments of [501 to deduce the existence of an internal-hom functor. In other words, 
given T and T' there is a new dg-category Hom jT. T') and a natural isomorphism 

Homcatc,^,, {T",Ham{T, T')) ^ Homcatc,,,, {T" ® T, T') (326) 

In particular the objects of Hom (T, T') are the C/i(fc)-enriched functors and the morphisms can be iden- 
tified with the C/i(/c)-natural transformations. 

Construction 6.5. If T is a dg-category, the dg-category of T -dg-modules is defined by the formula 

Ch{kf ■.^Hom{T,Chdg{k)) (327) 

An object E G Ch{ky can be naturally identified with a formula that assigns to each object x G T a. 
complex E{x) and for each pair of objects x, y in T, a map of complexes T{x, y) ® E{x) — ?> E{y) compatible 
with the composition in T . 

The dg-category of dg-modules carries a natural C/i(A;)-model structure induced from the one in C'h(k), 
with weak-equivalences and fibrations determined objectwise. More generally, for any C/i(A:)-model category 
M, the dg-category of T -modules with values in M is defined by the formula M"^ :— Homj T, JA). If M is 
a cofibrantly generated model category then we can equip M"^ with the projective model structure and we 
can check that this is again compatible with the dg-enrichment. This construction can be made functorial 
in T. More precisely, if / : T — T' is a dg-functor, we have a canonical restriction functor /* : — > 
defined by sending a T'-module F to the composition F o f. This functor admits a left-adjoint fi and the 
pair {f\,f*) forms a Quillen adjunction compatible with the C/i(A:)-enrichment. 

Remark 6.6. If T is the dg-category of the form Adg as in the example 16.21 Ch{k)'^ can be naturally 
identified with the category of left A-modules in Ch(k). In particular, when endowed with the projective 
model structure, the dg-category Int{Ch{k)^) is a dg-enhancement of the classical derived category of 
A, in the sense that the [Int{Ch{k)'^)] ~ D{A). Another important case is when T is associated to the 
product of two dg- algebras A O B°p. In this case the category of T-modules is naturally isomorphic to 
BiMod{A,B){Ch{k)). 

In practice we are not interested in the strict study of dg-categories but rather on what results from the 
study of complexes up to quasi-isomorphisms. A Dwyer-Kan equivalence of dg-categories is an (homotopic) 
fully faithful C/i(fc)-enriched functor f : T ^ T' (ie, such that the induced maps T{x,y) — )■ T' {f (x) , f (y)) 
are weak-equivalences in Ch{k)) such that the functor induced between the homotopy categories [T] — [T'] 
is essentially surjective. Of course, if T — > T' is a Dwyer-Kan equivalence, the induced functor [T] — > [T'] 
is an equivalence of ordinary categories. It is the content of [5F that CatQ^^) admits a (non left-proper) 
cofibrantly generated model structure to study these weak-equivalences. Moreover, the model structure is 
combinatorial because Catp/jffe) is known to be presentable (see [51]). The fibrations are the maps T ~^ T' 
such that the induced applications T[x,y) T'(f(x),f{y)) are surjections (meaning fibrations in Ch[k)) 
and the map induced between the associated categories has the lifting property for isomorphisms. Therefore, 
every object is fibrant and the cofibrant objects, which are more difficult to describe, are necessarily enriched 
over cofibrant complexes (see Prop. 2.3 in [HS])- We will address to this model structure as the "standard 



Remark 6.7. The theory of modules over dg-categories is well-behaved with respect to the Dwyer-Kan 
equivalences. By the Proposition 3.2 of [89], if / : T — > T' is a Dwyer-Kan equivalence of dg-categories, then 
the adjunction /* : M"^ 'MF is a Quillen equivalence if one of the following situations hold: [i) T and T' 
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are locally cofibrant (meaning: enriched over cofibrant complexes); (m) the product (using the Ch(k)- action) 
of a cofibrant object A in M with a weak-equivalence of complexes C — D is a weak-equivalence in M. 
In particular the second condition holds if M = Ch{k). Moreover, by the Proposition 3.3 of |H1], if T is 
locally cofibrant then the evaluation functors evx ■ M-'" M sending F i-^. F{x), preserve fibrations, cofi- 
brations and weak-equivalences. In particular, /nt(M^) is made of objectwise cofibrant-fibrant objects in M. 

The information of this homotopical study is properly encoded in a new bij^ (oo, l)-category 

%(fc) := N{Catchik))[WoK] (328) 

where Wdk denote the collection of all Dwyer-Kan equivalences. Because the homotopy category h{Dg{k)) 
recovers the ordinary localization in Cat, the objects of T)g{k) can be again identified with the small dg- 
categories. Notice that in this situation we cannot apply the Proposition 12.111 because Caic'/i(fc) is not a 
simplicial model category. 

Remark 6.8. It is important to remark that the inclusion of very big categories Catch(k) ^ ^'^^^h{k) 
compatible with the model structure of |85| and we have a fully-faithful map of very big (oo, l)-categories 
23g(fc) C 1)g{ky'^^ (where the last is defined by the same formula using the theory for V-small simplicial 
sets). 

Remark 6.9. The inclusion {—)dg ■ Alg{Ch{k)) ^ Catch(k) sends weak-equivalences of dg-algebras to 
Dwyer-Kan equivalences. The localization gives us a canonical map of (cxo, l)-categories Alg{D{k)) 1)g{k) 
(see 13.10]) . As pointed to me by B. Toen, this map is not fully-faithfuU anymore. To see this, we observe 
that the new map Alg{1){k)) — s> T)g{k) factors as Alg{D{k)) -> I'.g(fc)* — > T>g{k) where Dg{k)^. denotes 
the (oo, l)-category of pointed objects in 1)g{k). The first map in the factorization is fully-faithful but the 
second one is not. Indeed, if A and B are two dg-algebras, the mapping space Map<x)g(^k)^ {Adg, Bdg) can be 
obtained as the homotopy quotient of Mapq)g(j^-^{A, B) by the action of the simplicial group of units in B. 

Remark 6.10. The theory of Aoo-categories of [56] provides an equivalent approach to the homotopy theory 
of dg-categories. 

We now collect some fundamental results concerning the inner structure of the (oo, l)-category T>g{k). 

1. Existence of Limits and Colimits: This results from the fact that the model structure in CatQfi(^i^-^ is 
combinatorial, together with the Proposition A. 3. 7. 6 [62 and the main result of [37] • 

2. Symmetric Monoidal Structure: Notice that Catch{k) is not a symmetric monoidal model category in 
the sense of the Definition 4.2.6 in ^Qj. For instance, the product of the two cofibrant objects is not 
necessarily cofibrant (Exercise 14 of 0). Therefore, we cannot apply directly the abstract- machinery 
reviewed in the Section [?751 to deduce the existence of a monoidal structure in Dg{k). Luckily, we can 
overcome this problem and extend the monoidal structure to Dg{k) even under these bad circumstances. 

We observe first that the product of dg-categories whose hom-complexes are cofibrant in Ch{k) (also 
called locally cofibrant) is again a dg-category with cofibrant hom-complexes. This follows from the 
fact that Ch{k) is a symmetric monoidal model category and so the product of cofibrant complexes 
is again a cofibrant complex. Second, we notice that the product of weak-equivalences between dg- 
categories with cofibrant hom-complexes is again a weak-equivalence. It is enough to check that for any 
triple of locally-cofibrant dg-categories T, T' and S and for any weak-equivalence T T' , the product 
T S* — > T' (g) 5 is again a weak-equivalence. The fact that the map between the homotopy categories 
is essentially surjective is immediate. Everything comes down to prove that if M is a cofibrant complex 

■^^because Oatfij^jj.) is big, its nerve is a a big simplicial set and the localization is obtained as a cofibrant-fibrant replacement 
in the model category of big marked simplicial sets 
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of fc-modules and N P is quasi-isomorphism between cofibrant complexes then M ® N ^ M ® P 
is also a quasi-isomorphisms of complexes. Again this follows because Ch{k) is a symmetric monoidal 
model category. 

The first conclusion of this discussion is that the fuU-subcategory Cat^'^'^^l^"^ of Catch(k) spanned by 
the locally-cofibrant dg-categories, is closed under tensor products and contains the unit of CatQi^i^j^^ 
and therefore inherits a symmetric monoidal structure 

We have inclusions 

C«*c/(fc) ^ (^'^^cTikf ^ Catchik) (329) 

mapping weak-equivalences to weak-equivalences. Since in Cat(jm^-^ we can choose a functorial cofibrant- 
replacement Q preserving the objects (see [5S] for details) and together with the inclusions in the 
previous diagram, Q produces equivalences of (cxi, l)-categories 

^(t^<Mfe))[^c"'] ^ '^9'°'-'°^ ik) ^ Dg(fc) (330) 
where we set Dg'— /(A;) N {Cat'°l~^-;i)[W-l^^f]. 

Finally, since the symmetric monoidal structure in N{Cat^^'^'^^°^) preserves weak-equivalences, by 
the discussion in 13.91 the localization T)g^°'^~'^°^ (k) inherits a natural symmetric monoidal structure 
•j^gioc-cof fj,-^® jv(i^m*) obtained as the monoidal localization of Cat^^^^f"^ seen as a trivial sim- 
plicial coloured operad (followed by the Grothendieck construction). We can now use the equivalence 
^gioc^cof ^ Vg{k) to give sense to the product of two arbitrary dg-categories T 0^ T' ~ Q{T) (g) T' 
. This recovers the famous formula for the derived tensor product. 

Remark 6.11. The category of strict fc-dg-algebras inherits a symmetric monoidal structure, obtained 
by tensoring the underlying complexes. It follows that {—)dg '■ Alg{Ch(k)) ^ Catch(k) is monoidal. 
Moreover, since the product of cofibrant dg-algebras remains a dg-algebra with a cofibrant underlying 
complex (as proved in |79j), we can use the Remark l3.27l and the discussion in 13. 101 to deduce that the 
induced inclusion (-)dg : Alg{T>{k)) C Dg'°'=-'^°-f {k) ~ Dg{k) is a monoidal functor. 

Notation 6.12. Following the previous remark, we will sometimes abuse the notation and identify a 
dg-algebra A with its associated dg-category Adg- 

The Mapping spaces in Dg(k): The first important technical result of |89| is the characterization of 
the mapping spaces Mapx>g(k){T,T'). The description uses the monoidal structure introduced in the 
previous item: from the input of two dg-categories T and T', we consider the Cft.(fc)-model category 
of T (g)^ [T')°P Q{T) (g) (r')°P-dg-modules. Again, this homotopy theory is properly encoded in the 
(oo, l)-category 



(T,T')oo := NiChikf^^(^r^)[W-,l] (331) 

inside which we can isolate the full subcategory spanned by the right quasi-representahle objects. 
which we denote here as rrep{T, T')oo- By the Theorem 4.2 of [89^, there is an explicit isomorphism of 
homotopy types 

Map^ngik) (T, T') 2. rrep{T, T')^ (332) 
where rrep(T,T')^ denotes the 00-groupoid of equivalences in rrep{T,T')oo- 

^^By definition, these are the T® (T')°P- modules F such that for any x g T, there is an object fx £ T' and an isomorphism 
between F{x,—) and T'{—, fx) in the homotopy category of (r')°J'-modules 



103 



Remark 6.13. The original formulation of this theorem in [55] uses another presentation of the Kan- 
complex rrep{T, T')—. Let M be a model category with weak-equivalences W. In one direction, we can 
consider the subcategory of M consisting of all the objects in M together with the weak-equivalences 
between them. The inclusion C M sends weak-equivalences to weak-equivalences and by using the 
nerve we have a natural homotopy commutative diagram of (oo, l)-categories 

N{W) *- N{M) (333) 



N{W)[W-^] ^N{M)[W-^] 

The (oo, l)-category A''(Vl^)[VF~^] is a Kan-complex (because every arrow is invertiblej^ and therefore, 
the map N{W)[W-'^] -> N{M)[W-'^] factors as N{W)[W-^] N{M)[W-^]- C N{M)[W-^]. This 
map is a weak-equivalence of simplicial sets for the Quillen structure because M is a model category. 
It results from the foundational works of Dwyer and Kan (see the Proposition 4.3 of [3D] ) that the 
canonical map N{W) — ?> A^(M^)[W^~^] is also weak-equivalences of simplicial sets for the standard 
model structure. 

4. The monoidal structure in 'Dg{k) is closed: More precisely, by the Theorem 6.1 of [89 , for any three 
small dg-categories A, B and C, there exists a new small dg-category RHorn{B, C) (in the same 
universe of B and C - see Proposition 4.11 of |89| ) and functorial isomorphisms of homotopy types 

Map^gi^k) (A (E)^ B, C) ~ Map^g^k) (A, R Hom (B. C)) (334) 

Furthermore, M. Hom (B, C) is naturally equivalent in T>g{k) to the full essentially small sub-dg-category 
Int{B (i)^ — Mod))rrep of Int{B <Si^ — Mod,)) spanned by the right quasi-representable modules. 

An immediate implication of this result is that the derived tensor product is compatible with colimits 
on each variable separately. 

5. Existence of dg-localizations: The description of the mapping spaces in Dg(k) allows us to prove the 
existence of a localization process inside the dg- world. By the Corollary 8.7 of [89], given a dg-category 
T G T)g{k) together with a class of morphisms S in [T] we can formally construct a new dg-category 
LsT together with a map T LsT in Dg{k), such that for any dg-category T' the composition map 

Af apBg(fc) (LsT, T') ^ Map^^^^^ (T, T') (335) 

is a weak-equivalence. Here Map^g^i^^{T,T') denotes the full simplicial set of Map^g)^k){T,T') given 
by the union of all connected components corresponding to morphisms in h{'Dg{k)) sending S to iso- 
morphisms in [T']. Another way to formulate this is to say that for each pair {T,S), the functor 
T)g{k) § sending T' i-^ Map^g^,^-^{T,T') is co-representable. 

Remark 6.14. This localization allows us to prove a dg-analogue of a fundamental result of Quillen 
for model categories: for a C/i(fc)-model category M, the dg-localization of M with respect to its 
weak-equivalences is equivalent to Int{'M) (see [7]). This motivates the terminology for the last. 

^See for instance the Proposition 1.2.5.1 of | 62l 
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6.1.2 Morita Theory of dg-categories 

Let T be a small dg-category. The enriched version of the Yoneda's Lemma allows us understand T as a full 
sub-dg-category of Ch{k)'^°'' . 

h:T ChikY"" (336) 

This big dg-category admits a compatible model structure induced from the one in Ch[k). It is well known 
that this model structure is stable so that its homotopy category inherits a canonical triangulated structure 
where the exact triangles are the image of the homotopy fibration sequences through the localization map. 
It is an important remark that for each a; G T, the representable is a cofibrant r°^'-module (it follows 
again from the Yoneda's lemma and the fact that fibrations are defined as levelwise surjections) . By setting 
T := Int{Ch{k)'^'"'), there is a factorization 

T^fc Chikf" (337) 

and from now will use the letter h to denote the first map in this factorization. Of course, when T = Ik we 
have {Ik^P - Mod = Ch{k) and therefore h = Int{Ch{k)). 



Remark 6.15. It is important to notice that if T is a small locally-cofibrant dg-category, then T will not 
be locally-cofibrant in general. However, we will see in the Remark 16.231 that it is possible to provide an 
alternative construction of the assignement T i— > T that preserves the condition of being locally-cofibrant. 

It is also important to remark that the passage T i-^ T is (pscudo) functorial. If / : T — ^ T' is a 
dg-functor, we have a natural restriction map 

ChikY^'y' -> Chikf"' (338) 

induced by the composition with As a limit preserving map between presentable, it admits a left-adjoint 
and this adjunction is compatible with the model structures. Since all objects are fibrant, the left-adjoint 
restricts to a well-define map T — > T'. 



We finally come to the subject of (derived) Morita theory. Classically, it can described as the study of 
algebras up to their (derived) categories of modules. The version for small dg-categories implements the 
same principle: it is the study of small dg-categories T up to their derived dg-categories of modules T. 
It generalizes the classical theory for algebras for when T is a dg-category coming from an algebra A the 
homotopy category of T recovers the derived category of A. We will see that the following three constructions 
are equivalent: 

a) the localization of CatQ^/^-j with respect to the class of dg-functors T ^ T' for which the induced map 
r -> T' is a weak-equivalence of dg-categories; 

b) the full subcategory of Dg{k) spanned by the idempotent complete dg-categories; 

c) the (non-full) subcategory of D(^(/c)'°^^'=°/^''*9 spanned by the dg-categories of the form T (with T small), 
together with those morphisms that preserve colimits and compact objects. 

The link is made by the notion of a compact object. It is well known that the model category of complexes 
is combinatorial and compactly generated so that we can apply the results of our discussion in 12.2.31 It is 
immediate that the same will hold for the projective structure in model category Ch{kf , for any small 
dg-category T. Following this, we denote by Tc the full sub-dg-category of T spanned by those cofibrant 
modules which are homotopicaly finitely presented in the model category Chikf ' . Again by the general 
machinery described in 12.2.31 they can be constructed as retracts of strict finite cell-objects and correspond 
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to the compact objects in the underlying {oo, l)-category of Ch{k)^ ^ and with this in mind we will refer to 
them as compact. 

It follows from the definitions and from the enriched version of the Yoneda Lemma that for any object 
X in T, the representable dg-module h{x) is compact. In particular, h factors as T ^ iT)c ^ T. At the 
level of the homotopy categories, this produces a sequence of inclusions [T] C [{T)c] Q [T] and the fact that 
Ch{k)^°'' is stable model category implies two important things: (?) the category [T] has a triangulated 
structure; (ii) because homotopy pushouts are homotopy puUbacks, a dg-module F is compact if and only 
if Map{F, — ) commutes with arbitrary coproducts. With this we identify the subcategory [{T)c] C [T] with 
[T]c ^ [T] - the full triangulated subcategory spanned by the compact objects in the sense of Neeman (see 
12. 3|) . In particular when T = 1^, the objects in Tc are are exactly the perfect complexes of /c-modules. 

Remark 6.16. Because any compact module is a strict finite I-cell (|2.2.3p the dg-category (T)c is essentially 
small and can be considered as an object in Dg{k). For the same reason, (T)c is stable under shifts, retracts 
and pushouts. 

Recall now that a small dg-category is said to be idempotent complete (or triangulated) if the dg-functor 

T (f )c (339) 

is a weak-equivalence of dg-categories. The first reason why idempotent dg-categories are relevant to Morita 
theory is because for any small dg-category T, the restriction along T — > (T)c 

((f )e) ^ f (340) 

is a weak-equivalence of dg-categories (Lemma 7.5-(l) in [89 ). In other words, at the level of modules we 
cannot distinguish between T and (r)c- It follows that a dg-functor / : T — > T' induces a weak-equivalence 
T — > T' if and only if its restriction to compact objects [f3 iT)c {T')c is a weak-equivalence. We will 
denote by Dg{ky'^'^"^ the full subcategory of Dg{k) spanned by those dg-categories which are idempotent 
complete. 

Proposition 6.17. The formula T ^ (T)c provides a left adjoint to the inclusion Dg{k)'^'^'^"^ C T)g{k). 

Proof. In order to prove this result we construct a cocartesian fibration (oo, l)-categories p : JA ^ A[l] 
with p^HlO}) = Dg{k) and p"^({l}) = 2)g(fc)*'^^". We consider the fuU (oo, l)-category M of the product 
T)g{k) X A[l] spanned by the pairs (T, 0) where T can be any small dg-category and the pairs of the form 
(T, 1) only accept dg-categories T which are triangulated. By construction, there is a canonical projection 
p : M — > A[l] whose fiber over is T>g{k) and over 1 is Dg{ky^'^™ . We are reduced to check that p 
is a cocartesian fibration. Notice a map in M over the morphism — >■ 1 in A[l] consists in the data of a 
morphism T — ^ T' in M where T is any dg-category and T' is a triangulated one. To say that p is cocartesian 
is equivalent to say that for any dg-category T, there is a new triangulated dg-category T' together with 
a morphism T T' having the following universal property: for any triangulated dg-category D, the 
composition map 

Map^g(k) (T', D) ^ Map^g(k) (T, D) (341) 

is a weak-equivalence of spaces. We set T' :— {T)c and T T' the yoneda's map. Since any triangulated 
dg-category D is equivalent in 'Dg{k) to Dc, we are reduced to prove the composition map 

Mapa,g(fc)((f)„5,) -> Map^g(^k){T,Dc) (342) 

^'^This restriction is well-defined because every compact dg-module in T can be constructed from representables using finite 
colimits and retracts. The conclusion follows because the map T — > T' sends representables to representables, representables 
are compact and compact objects stable under finite colimits and retracts. (See ,89, for more details ) 
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is a weak-equivalence. Using the internal-hom, we are reduced to prove that the natural map 



R Hom ((T)r, Dc) R Hom (T. D^) (343) 
is an equivalence in Dg{k). This is the content ol the Theorem 7.2-(2) in |89) . 

□ 

The existence ol this lelt-adjoint, which we will denote as (— )c, makes DgikY'^^™' a reflexive localization 
ol Vg(k). In particular the idempotent dg-categories can be described as local objects with respect to the 
class ol maps in Dg{k) whose image through the composition ol the inclusion with (— )c is an equivalence. 
This establishes 'Dg{ky'^'^"'- as the second approach in the list. 

Remark 6.18. The equivalence 'Dg'-°'^~'^°^ [k) ~ T^gik) restricts to an equivalence 'j)g[kyd.'^'^^ioc-cof ^ 
Dg{ky'^'^™- . Using the Remark 16.151 we see that the lelt-adjoint ol the Prop. 16. 171 restricts to a lelt-adjoint to 
the inclusion 'J)g[ky'^'^"^'^°'^~''^°^ C Dg''°'^~'^°^ (k): il T is small and locally-cofibrant, we can find an equivalent 
way to define the formula T t-^ T, this time preserving the condition ol being locally-cofibrant so that the 
lull subcategory {T)c is locally cofibrant. 

We now explain the first approach. Recall that dg-lunctor T ^ T' in Catd^f^i^) is called a Morita 
equivalence il the induced map T — > T' is a weak-equivalence ol dg-categories. 

Corollary 6.19. Let W^or denote the collection of Morita equivalences between small dg-categories. Then 
there is a canonical isomorphism in the homotopy category of (oo, l)-categories 

Vgiky^'^^ c NiCatcHik)yW^L] (344) 

Proof. This follows Ironi the universal property ol the localization in the setting ol (oo, l)-categories, together 
with the observations that: (i) every weak-equivalence ol dg-categories is in Wmot and {ii) a dg-lunctor / is 
in Wmot if and only il its image through the composition ol localizations N{Cat(ji^(^f.-j) 'Sg{k) 'Dgiky^^'^ 
is an equivalence. □ 

Both sides ol this equivalence admit natural symmetric monoidal structures and the equivalence preserves 
them. More precisely, for the first side we have 

Proposition 6.20. The reflexive localization 'j) gfj^yd.'^i'n^ioc-cof g CDg'°'^~'^°^(fc) is compatible with the monoidal 
structure in Dg''°'^^'^°^ (k)^ . In other words, there is a natural symmetric monoidal structure in 'j)g(^l^yd-em,ioc-cof 

for which the left-adjoint is monoidal. Informally, it is given by the formula x T' := {T T')c. In 

particular, the unit is the idempotent completion of the dg-category with a single object with k as endomor- 
phisms. 

Proof. It is enough to check that il / : T ^ T' is a morphism in Dg{k) such that (T)c — T'c is an equivalence, 
then for any dg-category C € T)g{k), the product / (g)^ Idc : T C ^ T' (g)^ C wiU also by sent to an 
equivalence in 'Dgiky'''^'^ . This follows directly from the Lemma 7.5-(l) in [89]. □ 

Remark 6.21. The combination ol the argument in the previous prool, with the Theorem 7.2-(2) ol |H1] 
implies that lor any idempotent dg-category Z and any dg-category T, the internal-hom 'R Hom iT, Z) is 
again idempotent. In particular, it provides an internal-hom lor the monoidal structure in 'Dg{ky'^'^"^ . 



To find a monoidal structure in the second locafization N{Catch{k))\W^y^^] it suffices to verily that the 
tensor product ol Morita equivalences in Catch(k) is again a Morita equivalence. However, and as lor the 
Dwyer-Kan equivalences, this is not true. It happens that everything is well-behaved il we restrict to locally 
cofibrant dg-categories (see the Proposition 2.22 in [22] together with the lact that any cofibrant complex 
is flat). The problem is solved by considering the monoidal localization ol the trivial simplicial coloured 
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operad associated to the well-defined monoidal structure in Cat°'^^^°-'. The fact that the equivalence in the 
Corollarv l6.19l is monoidal follows immediately from the universal property of the monoidal localization. 

To compare these two approaches with the third one, it is convenient to have a description of the mapping 
spaces in Dg{ky'^'^™ . Being a full subcategory of T)g{k) and using again the Theorem 7.2-(2) of [89] we find 
equivalences 

MaPDs(fe)-™((r)c, (5^)c) ^ Mapi,g(fc)((f)„ (f^)^) ~ Af api,g(,) (ife, M,ffom((f (f^),)) (345) 

- MapBg(fe)(4,KffoTO(T, (f^),)) (346) 

and the internal-hom M. Hom (T, {T')c) is given by the full sub-dg-category of Int{T (g)^ ((T')c)°^ - modules) 
spanned by the right-representable. In this particular case, the last can be described as the full sub-dg- 
category of T°P (g)"- T' spanned by those modules E which for every x ^ T, the module E{x, — ) : (T')°p — j> 
Ch(k) is compact. These are called pseudo-perfect (over T relatively to T'). Following (91] we will write 

T°P (g)^ T'pspe for the sub-dg-category of T°p (g)^ T' spanned by the pseudo-perfect dg-modules over T relative 
to T' . In the next section we will review how the interplay between the notion of pseudo-perfect and compact 
is essential to express the geometrical behavior of dg-categories. Using this description we have 



Map^g(^k){h,RHorn{T,T',j) ^ Map^g(^k)ilk,T"P (S>^ T'pspe) ^ rrepilk,T"P T'pspe) (347) 

where the last is our notation for the maximal cxD-groupoid of the full subcategory spanned by right- 
representable in the underlying {oo, l)-category of all Ik g""" {T°p r'pspe)°''-niodules. We can easily check 
this is equivalent to the maximal oo-groupoid of pspe{T, T)oo C (T, T')oo - the full subcategory spanned by 
the pseudo-perfect modules. 

We now come to the third approach. Let T)g'^{k) denote the (non full) subcategory of Dg{k)''^s spanned by 
the dg-categories of the form T for some small dg-category T, together with those morphisms T ^ T' whose 
map induced between the homotopy categories [T] — [T'] commutes with arbitrary sumJ^. Notice that each 
map in Dg'^{k) corresponds to a unique (up to quasi-isomorphism) {T®T' )-dg-module. Let R Hom jT, T') 
be the full sub-dg-category of R Hom jT, T') spanned by those modules which induce a sum preserving map 
[T] — >■ \T']. Then, by the Theorem 7.2-(l) in [89], for any small dg-category T' the composition with the 
Yoneda's embedding h:T—>T 

R Hom ^ (f , T') -J> RHom{T, T) (348) 

is an isomorphism in the homotopy category of dg-categories. It follows from the description of the internal- 
hom as right representable modules, that the last is equivalent to the dg-category T°p ®^ {T'). One corollary 
of this result (see [89]) is the description of the mapping spaces MapDg,i(^k){T,T') as the maximal (oo, 1)- 

groupoid in (T, T')oo- Another corollary is the existence of a functor (— ) : T>g{k) — > T>g'^{k) sending a small 
dg-category to its category of dg-modules. For an explicit description, we consider the canonical projection 
T)g{k)^'^^ X A[l] — !> A[l] and the full subcategory M spanned by the vertices (i,T) where if i = 0, T is small 
and if i = 1, r is of the form Tq for some small dg-category Tq and the only admissible maps (1, T) — >■ (1, T') 
are the ones in T)g'^{k). The fact that this fibration is cocartesian follows again from the theorem. 

To formalize the third approach, we will restrict our attention to a subcategory of Dg'^{k). As we just saw, 
a map / : T — > T' in Dg'^{k) corresponds to the data of a (uniquely determined) Tg)^ (r')°^'-module Ef. We 

^■^This notion is well-defined because the map induced between the homotopy categories is unique up to isomorphism of 
functors. 
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will say that / preserves compact objects if for every object x £ T, the (r')°''-niodule Ef{x, —) is compact. 
According to our terminology, this is the same as saying that Ef is pseudo-perfect over T relatively to {T')°p. 
With this, we denote by Vg'^'^{k) the (non-full) subcategory of T)g'^{k) containing all the objects together 
with those maps that preserve compact objects. It follows from the definitions that the mapping spaces 
Map'j)gcc(^f.-^(T,T') are given by the maximal oo-groupoids inside pspe{T,T')oo- It is now easy to see that 

the canonical map (— ) : T)g{k) — Dg'^{k) factors through 'Dg'^'^{k). The following proposition establishes 
Dg'^'^{k) as a third approach to Morita theory 

Proposition 6.22. The composition ^(fc)''^"" ^ '^9{k) ^ T^g'^'ik) is an equivalence of {oo,l) -categories. 
An inverse is given by the formula sending a dg-category T to the full subcategory {T)c spanned by the 
compact objects. 

Proof. By the definition of Dg'^'^{k) the map is essentially surjective. It is fully-faithful because the mapping 
spaces in 'Dg^'^{k) are by definition, the same as in Tig{ky'''^'^ , corresponding both to the oo-groupoid of 
pseudo-perfect modules. □ 

Remark 6.23. Notice that if T is a locally-cofibrant dg-category, then so is Tf,. In this case, the equivalence 
(— )c restricts to an equivalence Dg'^'^'^°'^~'^°^ {k) j)g(^f^ydem,ioc-cof ^ gy choosing an inverse to this functor 
we solve the problem posed in the Remark l6.15l of finding a model for the formula T ^ T that preserves the 
hypothesis of being locally-cofibrant. 

To complete the comparison between the second and third approaches, we regard the existence of a 
symmetric monoidal structure in Dg'"''^°''-''°f [k) which makes (-)c : 'Dg'"'^^°''-''°f [k) iig(A:)"iem,ioc-co/ 
monoidal functor. 

Proposition 6.24. The (oo, l)-category Dg'^'^'^°'^~'^°^ {k) is the underlying oo-category of a symmetric monoidal 
structure Given two objects T,T' € Dg'"^{k), their monoidal product can be informally de- 

scribed by the formula T ®T — T ®^ T' , where iS)^ denotes the monoidal structure in 'Dg^°'^~'^°^ [k). 

Proof. The proof of this proposition requires two steps. The first concerns the construction of an (cx), 1)- 
category equipped with a map to N{Fin^). The second step is the prove that this map is 

a cocartesian fibration. For the first, we start with Dg'°'=^'=°/'^'ff(/c)'^ N{Fin^.) the symmetric monoidal 
structure in the {oo, l)-category of the big locally-cofibrant dg-categories (as constructed in the section 
IG.l.ip . By construction, its objects can be identified with the pairs ((n), (Ti, ...,r„)) with (n) e N{Fin^) 
and (Ti,...,T„) a finite sequence of dg-categories. By the cocartesian property, maps ((n), (Ti, .., T„)) — > 
((to), {Qi, ...jQm)) over f : {n) ^ (to) correspond to families of edges in X)(jr(fc)'°'=-'=°/>''*9 

(g) T, ^ Q, (349) 

with 1 < i < to, where (g) denotes the tensor product in 2)(^'°^^'=°/^''*9(/c)'^. Given small dg-categories T, T', 
Q, we will stay that an object in ^ Hom (T (Si^ T' , Q) is multi- continuous if its image through the canonical 
adjunction is in RHom^{f, R Hom jf', Q)). 

With this, we consider the (non full) subcategory Dg'^,ioc-cof ^f^^tg, ^ ^gioc-cofMg (j^^^(S> spanned by the 
pairs ((n), (Ti, T„)) where eachT!; is an object in Dg'^{k) together with those morphisms ((n), (Ti, .., T„)) — >• 
((to), (Qi, Qm j) corresponding to the edges 

(g) ^ Qi (350) 

3&f-H{^}) 

which are muhi-continuous. It follows that the composition q:igC.ioc~cof (^j^^ig, ^ r^gioc-cofMg (^^-^® _^ N{Fin^) 
is a cocartesian fibration: a cocartesian lifting for a morphism / : (n) — >■ (to) at a sequence {{n),{Ti = 
ti, ...,T„ = tn)) is given by the edge corresponding to the family of canonical maps 
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ur- (g) T,^Q,:^®]^j_,^^^y^t, (351) 

obtained from the identity of using the canonical equivalences 

^Ham^^iu-conUnuousiT^T',!) := ^H(mi,{T,RHom,{f,A)) ~ RHmn^{f,^HcmiiT,A)) ~ (352) 

~ RHom{T, RHom{T, A)) ~ R Hom (T T', 1) ~ R Hom jf^', A) (353) 
The same equivalences imply the cocartesian property of the family (ui). 

With this, we are reduced to prove that this monoidal structure restricts to the (non-full) subcategory 
fj^gCc,ioc-cof (j^-^ C T>g'^''-°'^~'^°^ (k). For this purpose, it suffices to check that the same canonical morphisms 

ur- (g) T, ^ Qr.= (354) 
ie/-i({0) 

preserve compact objects on each variable, which follows using an analogue of the above argument for multi- 
continuous maps. 

□ 

By inspection of the proof it is obvious that the map (— )c : X)(jrCc,ioc-co/ j^^-j _^ <j)gf^j^yde7n,ioc-cof jg com- 
patible with the monoidal structures. 

In summary, we have three equivalent ways to encode Morita theory. 

^(<^«*Ch(fcT^)[^Mo,.]^ - (Dg(fc)»''<='»''''^~^°/)® ~ q^gCc,loc-cof(^j^^^ (355) 

Convention 6.25. For the future sections, and for the sake of simplicity, we will omit the fact that these 
monoidal structures are defined for locally- cofibrant dg-categories and that to make sense of this monoidal 
product for arbitrary dg-categories, we need to perform cofibrant-replacements to fall in the locally- cofibrant 
context. 

Furthermore, in [84] the author proves the existence of a combinatorial compactly generated model 
structure in Catch(k) with weak-equivalences the Morita equivalences and the same cofibrations as for the 
Dwyer-Kan model structure. It follows that the three (oo, l)-categories are presentable. In particular, they 
have all limits and colimits and we can compute them as homotopy limits and homotopy colimits in CatQ^f^-^ 
with respect to this Morita model structure. In particular, we can prove that T)g{ky^™^ has a zero object * 
(the dg-category with one object and one morphism) and that, more generally, finite sums are equivalent to 
finite products (denoted by ©). 



6.1.3 Dg-categories with a compact generator 

A dg-category T € T>g'^{k) is said to have a compact generator if the triangulated category [T] has a compact 
generator in the sense of Neeman (see the Remark l2.3p . We will say that a small dg-category T has a compact 
generator if the triangulated category [T] admits a compact generator in the previous sense. It follows that 
T has a compact generator if and only if its idempotent completion Tc has a compact generator (of course, 

this follows from the equivalence (T)c — T). 
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Let Perf be the composition 



Alg{T){k)y-^'Dg{k)—MDg{kY'^''"' (356) 

Using the same methods as in |7S] , it can be proved that T has a compact generator if and only if it is in 
the essential image of Perf. For the "only if direction we consider the dg-algebra B given by the opposite 
algebra of endomorphisms of the compact generator in T. For the "if direction, if T ~ Perf{B) then B, 
seen as a dg-module over itself, is a compact generator. 

Remark 6.26. Let T, T' S Dgi^ky^^"^ be idempotent complete dg-categories having a compact generator. 
Then their tensor product in 'Dg{ky'^'^™ has a compact generator. This follows because the functor Perf is 
monoidal (see 16.11] and 16.2(7)) . 

6.1.4 Dg-categories of Finite Type 

In this section we discuss the notion of dg-category of finite type studied by Toen-Vaquie in [51] . In the next 
section they will give body to our noncommutative spaces. 

It follows from the results of |84| that the Morita model structure is combinatorial, compactly generated 
and satisfies the general conditions of the Proposition 2.2 in [91]. Following the discussion in 12.2.31 we can 
identify the compact objects in Dg{ky'^^"^ with the retracts of finite cell objects and we have a canonical 
equivalence Dgikf'^''"' ~ /nd((l»5(A:)*'^*=")"). At the same time in P^l-Theorem 4.3, the authors prove that 
an object T G 'Dg(A:)*'*'^™ is compact if and only if its internal-hom functor M Hom (T, — ) in Dg{ky'^'^'^'^ 
commutes with filtered colimits. An immediate corollary of this is that the product of compact objects in 
Dg{ky'^^"^''^ is again compact so that the subcategory {'Dg{ky'^'^™')'^ inherits a symmetric monoidal structure. 

Following [5T], we say that an idempotent dg-category T is of finite type if it is equivalent in T)g{ky''''^"^ 
to a dg-category of the form Perf{B) for some dg-algebra B which is compact as an object in the (oo, 1)- 
category AlgCD^k))^. In particular a dg-category of finite type has a compact generator. 

In [9T|-Lemma 2.11, the authors prove that a dg-category of the form Perf{B) is compact in 'Dg{ky'^'^™ 
if and only if B is compact in the (oo, l)-category Alg{'D{k)). In fact, an object in Dg{ky'^'^"^ is compact if 
and only if it is of finite type: 

Proposition 6.27. (Toen-Vaquie) Let Dg{k)f^ denote the full subcategory of 'Dg(k)^'^'^™' spanned by the 
dg-categories of finite type. Then, the inclusion "Dgiky^ C [T>g{ky'^'^™')'^ is an equivalence. 

Proof. By the discussion in 16.1.31 it suffices to prove that any compact dg-category T e Dg{ky'^™^ has 
a compact generator. Indeed, we can always write T as a filtered colimit of its subcategories generated 
by compact objects. Since T is compact it is equivalent to one of these subcategories and therefore the 
triangulated category [T] is compactly generated by a finite family of objects {a;i,...,x„} (in the sense of 
Neeman - see the Remark l2.3|) . Since T is idempotent complete, it admits finite sums and therefore the finite 
direct product (Sxi is a compact generator. □ 

With this, we have a canonical equivalence Dg{k)^'^'^™' ~ Ind['Dg[k)^*). It follows that Dg{k)^'^ is closed 
under finite direct sums, pushouts and contains the zero object. 

^^j4Zg(D(A:)) is the underlying (oo, l)-category of a compactly generated model structure in the category of strictly associative 
dg-algebras and again by the discussion in 12.2.31 we can identify its compact objects with the retracts of finite cell strict 
dg-algebras 
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6.2 Dg-categories vs stable (oo, l)-categories 



This section is merely expository and sketches the conjectural relation between the theory of dg-categories 
and the theory of stable (oo, l)-categories. We aim to somehow justify our choice to work with dg-categories. 
I learned this vision from B. Toen. 

For any commutative ring k, 'D{k)'^ is a stable presentable symmetric monoidal (oo, l)-category. In this 
case, the universal property of Sp'^ ensures the existence of a (unique up to a contractible space of choices) 
monoidal colimit preserving map 

f:Sp^^ D(/fc)® (357) 

sending the sphere spectrum to the ring k seen as complex concentrated in degree zero. This is a morphism 
of commutative algebras in CPr^'® and therefore produces a base-change adjunction 

(V(k)(g,s,-) 

yr^tf, ~ Modsp<s (Tr^) Mod-B(^k)<s {^r^) (358) 

/* 

with /* the forgetful map given by the composition with /. Notice that the objects in the left side are 
stable (oo, l)-categories because the adjunction is defined over the forgetful functors to Tr^. By definition, 
a fc-linear stable (oo, l)-category is an object in A/oc?x> (jt) » (J'r-^). 

At the same time, there is a canonical way to assign an (oo, l)-category to a dg-category. More precisely, 
given a small dg-category T we can apply the Dold-Kan construction to the positive truncations of the 
complexes of morphisms in T to get mapping spaces. Since the Dold-Kan functor is right-lax monoidal 
(via the Alexander- Whitney map), this construction provides a new simplicial category which happens to 
be enriched over Kan-complexes. By takings its simplicial nerve we obtain an (oo, l)-category Ndg{T). The 
details of this mechanism can be found in [B31 Section 1.3.1]. Moreover, the assignement T i-> Nj_g{T) 
provides a right Quillen functor between the model category of dg-categories categories with the Dwyer-Kan 
model equivalences and the model category of simplicial sets with the Joyal's model structure |63i 1.3.1.20]. 
Following the discussion in l2.2.2l and since these model structures are combinatorial, this assignement provides 
a functor between the (oo, l)-categories 

Ndg : D<?(fc) ^ Catoo (359) 

The properties of the Dold-Kan correspondence imply that Ndg is conservative, reflects fuUy-faithfulness 
and preserves the notion of "homotopy category"[3- Moreover, using the arguments in (j2.2.2p . the combina- 
torial property implies that Ndg has a left-adjoint and therefore preserves limits. In particular, for a bigger 
universe we also have a well-defined map 

Nll^ : Vg{kf'3 ^ cat'^^s (360) 

Following [HO] we have the notion of a locally presentable dg-category. By definition, these are big dg- 
categories that can be obtained as accessible reflexive localizations of big dg-categories of the form Tq for 
some small dg-category Tq. Alternatively, we can describe them as the dg-categories of cofibrant-fibrant 
objects of a Bousfield localization of the left proper combinatorial model category Ch{k)'^° for some small 
dg-category Tq. Together with the colimit preserving maps, they form a (non-full) subcategory Dg''^{k) 
of Dg{k)'"'^. In particular, the (oo, l)-category T)g'^'^{k) introduced in the previous section has a non-full 
embedding in Dg'^P{k). As explained in the proof of [901 Lemma 2.3] a big dg-category having all colimits is 
locally presentable if and only if N^^g{T) is in Tr^. In particular, the restriction 

: Vg'Pik) ^ Tr^ (361) 

Recall that n„{DK{A)) ~ H„{A), where DK denotes the Dold-Kan map 
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is well-defined. 

Remark 6.28. Since both N^^^ and N^^ are conservative, commute with limits and the non-full inclusion 

CPr-^ C Cat'^ preserves limits, we find that Dg^P{k) also has all small limits and that the inclusion "Dg'P^k) C 
Dg{k)^^^ also preserves them. 

For a dg-category of the form Tq, the (cxd, l)-category N^^^Tq) can be identified with the underlying 
(oo, l)-category of the combinatorial model category Ch{k)'^° which is compactly generated. In particular, 
since Ch{k)'^° is stable (in the sense of model categories), we find that N^g{To) is a stable compactly gener- 
ated (oo, l)-categorj[ff|. In fact, a dg-category T £ 'Dg''P{k) is in 1)g'^'^{k) if and only if N^g{Tf)) is compactly 
generated. More generally, we can identify the functor N^^ with the map sending a Bousfield localization 
of Ch{k)'^° to its underlying (oo, l)-category. In particular we find that A^j^^ factors through the full sub- 
category of Tr^ spanned by the stable presentable (oo, l)-categories J'^'ft^- In particular, N^^ restricts to 
2)g-(fc) ^ Tr^ ,.,, C Tr^. 

We now come to the conjectural relation between the Morita theory of dg-categories and the theory 
of stable presentable (oo, l)-categories: the map N^^ : Dg^P{k) — > Trg^j^ is expected to factor through the 
forgetful functor /* : Afodi,(fc)» (Tr^) ^ Tr^^j, 

Dg;p(fc) _ _ » Modi,(fc)« {Tr^f- yr^^, (362) 

and this factorization 6 is expected to be an equivalence of (oo, l)-categories. In this case, the restriction 

Vg--{k) ^ Afod25(fe)« (^r^) (363) 

will provide a link between the Morita theory of dg-categories (as described in the previous section) and the 
Morita theory of stable oo-categories studied in [TJ] . The following diagram is an attemptive to schematize 
this landscape 



Mods ^{yr^) ^ —^'^r^ 




r 



1 full 

A A 

~ I e ~ \ e 

^ 1 / , noil full , 

^9 ^{k) ^ ^T^g^'^'ik) 



oo{SpectralCats / Morita) 



idem.(_ 




Vg{k) 



Cat 



Ex 



Vgik) 



(364) 

Here oo{Spectral/ Morita) (resp. N{Catch{k))\W^.^i^^]) denotes the (oo, l)-category associated to the 
Morita model structure on the small spectral categories (resp. small dg-categories). The map /3 is defined 



^^In the condition of having all limits and colimits, the property of being stable depends only on the fact the suspension 
functor is invertible at the level of the homotopy category 
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by sending a spectral category 6 to the stable (oo, l)-category associated to the stable model category of 
C-modules in spectra (ie, functors from 6 to the model category of spectra, together with the projective 
structure) . The map 7 is the equivalence discussed in 12.1.221 obtained by taking the full-subcategory of 
compact objects. The map a is the composition 70/3 and the fact that it is an equivalence is due to the 
Theorem 3.20 of '131. The map 9 is the conjectural equivalence and the maps u, v and w are the dg-analogues 
of a, (3 and 7, and the fact that they are equivalences results from the main results of [85, 89, 91 as indicated 
in the previous section. It is also important to remark that 9 should respect the natural monoidal structures. 

We hope this discussion clarifies the decision to work with dg-categories. For a quasi-compact and quasi- 
separated scheme X over k we shall have 9{Lqcoh{X)) ~ T^iX) where Lqcoh{X) is the derived dg-category 
of X (see the next section) and 1){X) is the stable presentable symmetric monoidal derived (00, l)-category 
oiX as in i63j Def. 1.3.5.8]. 

6.3 Dg-Categories and Noncommutative Geometry 

6.3.1 From Schemes to dg-algebras (over a ring k)- Part I 

Let A; be a ring. Given a quasi-compact and separated fc-scheme {X, Ox) we consider Qcoh{X) C Ox — Mod 
the subcategory of quasi-coherent sheaves on X. Under some general conditions, the natural tensor product 
in Ox — Mod is closed for quasi-coherent sheaves (see the Prop. 9.1.1 of [37]-Chap. 1). It results from a 
theorem of Deligne (see [39]-Appendix, Prop 2.2) that Qcoh(X) is a Grothendieck abelian cateaoriF^ so that 
we can apply to C{Qcoh{X)) the Theorem 2.2 of l42l which tells us that the category of unbounded complexes 
on a Grothendieck abelian category can be equipped with a model structure, with cofibrations given by the 
monomorphisms and the weak-equivalences the quasi-isomorphisms of complexes. By the Proposition 2.12 
of loc.cit, every fibrant-object is a complex of injectives and every bounded above complex of injectives is 
fibrant. Since X is defined over k, Ox is a sheaf of fc-algebras and each Ojf-module is naturally a sheaf of 
fc-modules. This induces a canonical action of Ch{k) on C{Qcoh{X)) compatible with the model structure. 
By definition, the dg-derived category of X is the dg-category Lqcoh(x) '■= I'nt{C{Qcoh{X))). Following the 
Remark 16.141 its associated homotopy category [Lgcoh(x)] is canonically equivalent to the classical derived 
category of quasi-coherent sheaves on X. 

Remark 6.29. In general, for any quasi-compact scheme X, the correct derived dg-category to consider 
is full subcategory of the derived category of Ox-modules with quasi-coherent cohomology. When X is 
separated, this agrees with Lqcoh(x)- 

It is compactly generated (in the sense of Neeman [684 ) and thanks the results of [88] we know that its 
compact objects are perfect complexes of quasi-coherent sheaves. We write Lpe{X) for the full subcategory of 

Lqcoh(x) spanned by the perfect complexes and the general theory gives us a canonical equivalence Lpe(X) ~ 
Lqcoh(x)- By construction Lpe{X) is an idempotent dg-category and we will understand it as the natural 
noncommutative incarnation of the scheme X. The philosophical importance of the following result is evident 

Theorem 6.30. (Bondal-Van den Bergh U8f -Thm 3.1.1) Let X be a quasi-compact and quasi- separated 
scheme over a ring k. Then Lpe{X) has a compact generator. 

Together with the preceeding discussion, this result implies that for any quasi-compact and quasi- 
separated scheme X over k, the dg-category of perfect complexes Lp^{X) is of the form Perf{B) for some 
dg- algebra B. 

6.3.2 Smooth and Proper Dg-categories 

The geometric notions of smoothness and properness can be adapted to the world of dg-categories, in a way 
compatible with Lpe{—). Recall that a dg-category T is said to be locally perfect it is enriched over perfect 

^^More generally (see [?]-Lemma 2.1.7) for any scheme X there is an infinite cardinal k such that qcoh(X) is K-presentable. 
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complexes of fc-modules. T is said to be proper if it is locally perfect and it has a compact generator. We 
say that T is smooth if the object in T (g)"- T°p defined the formula (x, y) i— > T{x, y), is compact. Finally, we 
say that a dg-category is saturated if it is smooth, proper and idempotent complete. It can easily be checked 
([91j-Lemma 2.6-(2)) that a dg-category T is proper (resp. smooth) if and only if its idempotent completion 
is proper (resp. smooth). Of course, these notions are also invariant under the operation {—)°^. This implies 
that a dg-category of the form Perf{B) is proper (resp. smooth) if and only B is perfect as a complex of 
fc-modules (resp. the B°p (g)^ i?-module defined by the formula (•, •) H> B is compact). 



Example 6.31. This notion of smoothness is compatible with the classical geometrical notion: a morphism 
Spec[A) — >• Spec{k) is smooth (meaning, A is regular over k) if and only if the dg-category Perf{A) is 
smooth. This is proved using a famous theoreom of J.P.Serre [5D1 IV-37, Thm 9]: a commutative ring is 
regular if and only if it is of finite global homological dimension. More generally, and thanks to the Lemma 
3.27 in [91j we have a machine to produce smooth and proper dg-categories: for any scheme X smooth and 
proper over a ring k, the dg-category Lp(,{X) is smooth and proper. 

In 16.1.21 we explained how the notion of pseudo-perfectness can be used to describe the mapping spaces 
in 'Dg{ky^'^™ . Notice now that an object E € T is pseudo-perfect (over T relatively to 1^) if it has values in 
compact complexes of fc-modules. The distinction between being compact and pseudo-perfect is the key to 
understand the notions of smooth and proper as the following results from |91| suggest: 

• [^-Lemma 2.8-(l): A dg-category T is locally perfect if and only if for any dg-category T', we have 
an an inclusion of subcategories 



(T (gL T')c C (T ®L T%,p, (365) 

• [9T]-Lemma 2.8-(2): A dg-category T is smooth if and only if for any dg-category T', we have an an 
inclusion of subcategories 



(T T')p.pe C (T (S^ T% (366) 

• [3T]-Lemma 2.8-(3): From the two previous items, a dg-category T is smooth and proper iff it has 

a compact generator and for any dg-category T', the subcategories of T ®'^T' spanned by compact, 
respectively pseudo-perfect modules, coincide. 

Remark 6.32. Recall from 16. iT^ that the mapping spaces Mapxig(kyd^'"{T,T') are given by the maximal 
cx3-groupoids in pspe{T,T')ao - the full subcategory of {T,T')oo spanned by the pseudo-perfect modules. It 
follows that if T is smooth and proper, we can identify pspe{T,T')ao with the full subcategory (T, T')J^ 
spanned by the compact modules. 

The notions of smooth and proper are related to the notion of finite type: 

• [9T]-Corollarv 2.13: Any smooth and proper dg-category is of finite type; 

• [9T]-Proposition 2.14: Any dg-category of finite type is smooth. 

To conclude this section we recall another important characterization of smoothness and properness given 
by the following result due to B. Toen 

Proposition 6.33. (see ^-Lectures on dg-categories) An object T G T)g{k)"^'^'^ is smooth and proper if and 
only if it is dualizable with respect to the symmetric monoidal structure 'Dg{ky'^'^™'^ . In particular, the dual 
of a dg-category G Dgiky^""' is the opposite (f°P)c. 
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6.3.3 From Schemes to Noncommutative Spaces (over a ring k) - Part II 

Following [91 , the notion of finite type should be understood as the correct notion of smoothness for non- 
commutative spaces, while the smooth dg-categories should only be understood as "formally smooth"' non- 
commutative spaces. Finally, we are ready to introduce our smooth noncommutative geometric objects. 

Definition 6.34. Let k be a ring. We define the {oo,\)- category of smooth noncommutative spaces over 
k- 'NcS{k) - to be the opposite of T>g(k)^^ . It has a natural symmetric monoidal structure yicS{k)^ induced 
from the one in T>g(k)f*'^ . 

Notation 6.35. We will denote our smooth noncommutative spaces using caligraphic letters X,!!, V, W, 
etc. For a smooth noncommutative space X G J^cS we will denote by Tx its associated dg-category of finite 
type and by Ax a compact dg-algebra such that Tx — Perf{Ax)- 

We will say that a smooth noncommutative space X is smooth and proper if its associated dg-category Tx 
is smooth and proper. We will let INfciS'(fc)*^ denote the full subcategory of INfcS'(fc) spanned by the smooth 
and proper noncommutative spaces. Since the smooth and proper dg-categories correspond to the dualizable 
objects in Dg{k)f'^, the subcategory 'NcS{kyP is closed under tensor products. 

It follows immediately from the properties of Dg(k)f* that 'NcS{k) admits puUbacks, together with finite 
direct sums and a zero object. Moreover, the tensor product commutes with limits. In particular, if X and 
y are two smooth noncommutative spaces, the mapping space Mapj^cS{k}i'^T'^) is given by the oo-groupoid 
pspe{A^j, ^x)^ of pseudo-perfect Ay (g)^ ^!i^-dg-modules and equivalences between them. 

We now explain how the formula X Lpe{X) can be properly arranged as a functor. We define it for 
the smooth affine schemes of finite type over fc, whose ordinary category we denote by Af f Sm^*'{k). Recall 
that the full subcategory of 0-truncated objects in Alg{T){k)Y'^ is equivalent to the nerve of the category of 
classical associative rings. In particular, we can identify the nerve of the category of commutative smooth 
/fc-algebras of finite type N{SmCommAlgk) ~ N {AffSm^\k))°P with a fuU subcategory of ^^^(©(fc))'^". Let 
L denote the composition 

Per f 

N{SmCommAlgk)^ ^ A?5(D(fc))'="C ^ AlgCD{k)) V ^(fc)*''^'" (367) 

The following is a key result: 

Proposition 6.36. Let A be a classical commutative smooth k-algebra of finite type. Then, L{A) is a 
dg-category of finite type. In other words, L provides a well-defined functor N{SmCommAlgk) — > Dg{k)^'^. 

Proof. If A is smooth as a classical commutative fc-algebra it is smooth as a dg-category (Example I6.3ip 
which by definition means it is compact a.s a. A^k ^°^-dg-module. Following the Remark 16.61 the category 
of A(8)fc A°^'-dg- modules can be naturally identified with the category of A-bimodules BiMod{A, A){Ch{k)). 
Using the strictification results of l3.9.2l the underlying (oo, l)-category of BiMod{A, A){Ch{k)) is equivalent 
to ABModA{T){k)) ~ Mo<^^(Ii(fc)). 

Of course, if A is compact in Mod''^'^'' {D{k)) and since A ®k A°p is also compact (it is a generator), the 
kernel of the multiplication map I A^k A°p — >■ A will also be compact. Following the Example 13.351 we 
can now identify / with the relative cotangent complex Lyi/^ G Mod'^'"'{'D{k)). The Lemma [3.341 completes 
the proof. □ 

Using this, we define Lpe as the opposite of L 

Lpe : N{AffSm^\k)) ^ J<cS{k) (368) 
To conclude this section we observe that Lpe can be promoted to a monoidal functor 
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L® : N{AjJSmf'\k))'' J^cS{k)^ (369) 

where N {AffSm^* {k))^ is the cartesian structure in N [AffSm^* {k)) which corresponds to the coproduct of 
classical commutative smooth fc-algebras which is, weh-known, given by the classical tensor product over k. 

It follows from 13.231 and the fact that the tensor product in D{k) is compatible with the i-structure, 
that the composition Alg{'D{k)Y'^ Alg{D{k)) is monoidal. Moreover, the functor Perf is monoidal 
because it is the composition of monoidal functors - 16.111 and 16.201 We are left to check that the inclusion 
N{SmCommAlgk) Alg{Ti{k)y^ is monoidal. In other words, that for a commutative smooth fc-algebra 
of finite type over fc, the classical tensor product agrees with the derived tensor product. But this is true 
since smooth fc-algebras are flat over k. 

6.4 The Motivic A^-Homotopy Theory of Kontsevich's Noncommutative Spaces 
over a ring k 

We will now use our main results to fabricate a motivic A^-homotopy theory for smooth noncommutative 
spaces over a ring k. In this section we proceed in analogy with the construction of the motivic stable 
homotopy for schemes as described in the previous chapter of this work. Recall from the Remark |5. II that 
these constructions only depend on the category of affine smooth schemes of finite type over k. 

Remark 6.37. There is a natural way to extend the functor Lpe to non-afhne schemes. To do this, we observe 
that the classical category of schemes can be identified with a full subcategory of 7^^^ {N {AffSm^* {k))), by 
the identification of a scheme with its " functor of points" . The universal property of (big) presheaves provides 
a colimit preserving map 

N{AffSm^*{k)) ^ KcSik) (370) 

y'"a{N{AffSm^\k))) - - ^ yf^a {J<cS (k)) 

The Lemma 3.27 in [91 implies that the image through this map of any smooth and proper scheme X 
over k is representable in T^^^ {'NcS{k)). This should remain true without the properness condition. 

To start with, we need to introduce an appropriate analogue for the Nisnevich topology, for the interval 
A"'^ and for the projective space P^. For the last two we have natural choices - Lpe(A^) and Lpe{P^): the 
first is a dg-category of finite type because A^ is smooth affine over k; the second, Lpe{F^), is of finite 
type because the canonical morphism — > Spec(k) is smooth and proper (see I6.3l|) . The analogue of the 
Nisnevich topology requires a more careful discussion. 

6.4.1 The noncommutative version of the Nisnevich Topology 

To obtain our noncommutative analogue for the Nisnevich topology we isolate the formal properties of the 
commutative squares in JicS{k) 

Lp,{p-\U)) ^ Lp,{y) (371) 



Lpe{U) ^ VW 



117 



induced by the Nisnevich squares of schemes. Following the list of properties given in Section [Sj we start 
with the notion of an open embedding. For that we need some preparations. Recall that an exact sequence 
in 'Dg{ky'^'^"^ is the data of a commutative square 

A — B (372) 

9 

* 

where * is the zero object in 'Dg{ky'^^'^ , such that / fully-faithful and the diagram is a pushout. Since 
T>g{ky'^^"^ is a reflexive localization of Dg{k), this pushout C is canonically equivalent to the idempotent 
completion of the pushout B/A computed in Dg(k). Of course, using the equivalence pSSp . the previous 
diagram is an exact sequence if and only if the diagram 

A— U-i? (373) 

9 

* 

is an exact sequence in Dg'^'^{k) in the same sense. Thanks to the works of B.Keller in [48,, we know that 
this notion of exact sequence extends the notion given by Vcrdier [95] . 

Proposition 6.38. (B. Keller 14^1) The following conditions are equivalent: 

1. a diagram as above is an exact sequence; 

2. the functor f induces an equivalence of [A] with a triangulated subcategory of the triangulated category 
[B] and'g exhibits the homotopy category [C] as the Vcrdier quotient [B]/[A]; 

3. the functor f induces an equivalence of [A] with a triangulated subcategory of the triangulated category 
[B] and the canonical map from the Verdier quotient [B]/[A] ^ [C] is cofinal (see our discussion in 

KIM- 

Recall also that an exact sequence is said to be strict if the diagram p72p is also a pullback in T)g{ky^'^™ . 
Again by the results of [48^ , in terms of the associated homotopy triangulated categories this corresponds to 
the additional condition that [A\ is thick in [B] . 

Let us now come back to the definition of open immersion. Thanks to the results of Thomason in [88| 
Section 5] and to the work of B. Keller in ^48j, we know that for a quasi-compact and quasi-separated scheme 
X with a quasi-compact open embedding i :U ^ X, the restriction map i* : Lqcoh{X) — > Lqcoh{U) fits in a 
strict exact sequence in 'Dg^'^ik) 

Lqcoh{X)x-U ^ Lqcoh{X) (374) 

i* 

* ^ Lqcoh{U) 

where Lqcoh{X)x-u is by definition the kernel of the restriction i* . It is also well-known that this kernel 
has a compact generator (see for instance the Lecture notes by M. Schlichting in 7 ). Of course, using the 
equivalence Dg{ky'^'^"^ ~ T>g'^'^{k), we can reformulate this in terms of an exact sequence in "Dgiky^^"^ 
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{Lqcoh{X)x-u)c ^ Lpe{X) 



(375) 



where {Lqcoh{X)x-u)c has a compact generator. This motivates the fonowing definition: 

Definition 6.39. Let / : U X he a morphisms of smooth noncommutative spaces over k. We say that f 
is an open immersion if there exists a dg-category with a compact generator Kx-u G Dg{k)^'^'^"^ (see \6.1^) 
together with a fully-faithful map Kx-u ^ Tx such that opposite of f in Dg{k)^* fits in a exact sequence in 



K 



x-u 



■Tx 



(376) 



■Tu 



Definition 6.40. We will say that a commutative diagram in 3\fc5(fc) 

W V 




(377) 



is a Nisnevich square of smooth noncommutative spaces if the following conditions hold: 

1. The maps II — > X and W — > V are open immersions; 

2. The associated map Tx Tv sends the compact generator of Kx-u ^ Tx to the compact generator of 
Xv-w Q TV and induces an equivalence Kx-u — ^^^v-w/ 

3. The diagram is a pushout. 

Convention 6.41. We will adopt the convention that if X is a smooth noncommutative space whose under- 
lying dg-category Tx is a zero object of Dg{k)^* , the empty collection forms a Nisnevich square ofX. 

Using the duality between smooth noncommutative spaces and dg-categories, a Nisnevich square corre- 
sponds to the data of a commutative diagram in Dg{ky'^'^"^ 



Kx- 



Tx 



TV 



(378) 



■ Tw 



K 



v-w 



where: 

1) all Tx, Tu, TV and Tw are of finite type; 
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2) Both Kx-u and i^v-w belong to 'Dg{ky'^^^ , have a compact generator and the maps Kx-u Tx and 
Kv-w Tv are fuUy-faithful; 

3) The associated map Tx ^ TV sends the compact generator of Kx-u C Tx to the compact generator of 
Kv-w ^ Ty and induces an equivalence Kx^u — ^v-w! 

4) the upper and lower squares are pushouts and the middle square is a puUback. 

These conditions also imply that the middle square is a pushout in T>g{ky'^'^"\ Indeed, because the 
exterior diagrams are pushouts we can write Tw — TV IJ/f^^^ * and Tu — Tx Y[kx~u *' Together with the 
fact that Kx-u and Kx>-w are equivalent, we have 

Tv]Jru~Tv]J(Tx YL *)-Tv U II (379) 

Tx Tx Kx-u Kx-ii -ffv-w 

Corollary 6.42. Every Nisnevich square in J^cS{k) is a pullback. 

Remark 6.43. Let U — > X be an open immersion of smooth noncommutative spaces. If the associated 
dg-category Kx-u G 1)g{ky'^'^"^ is of finite type we can then see it as the dg-category Tz — Kx-u dual to 
a smooth noncommutative space 2.. Of course, since the zero map T^ — * is a quotient of Tz by itself, its 
dual * — > Z is an open immersion. Moreover, if the diagram Kx-u Tx — Tu is a (strong) exact sequence, 
then the square of smooth noncommutative spaces 

U *- X (380) 

* ^ Z 

is a pushout and therefore, Nisnevich. 

Example 6.44. The notions of semi- orthogonal decomposition and exceptional collection for triangulated 
categories (see jl6) ) have an immediate translation to the setting of dg-categories in terms of split short exact 
sequence in 'Dg{ky'^'^"^ . Recall that an exact sequence in Dg{ky'^'^™ 

I^-^T (381) 

9 

* — 

is said to split if the functor / (resp. g ) admits a right-adjoint j (resp. fully-faithful right-adjoint i). It 
follows that every split exact sequence is strict. Following the Remark l6.43l if X is a smooth noncommutative 
space, every semi-ortogonal decomposition of the associated dg-category Tx given by dg-categories J, /' of 
finite type provides the data dual to a Nisnevich square 

/ * (382) 



Tx ^I' 

Example 6.45. The previous example will be particularly important to us in the case X = Lpel^^). Thanks 
to the results of [8] we know that P" admits an exceptional collection generated by the twisting sheaves 
(0, 0{—n)). By the previous example, the diagram in Dg{ky'^^'^ associated to the split exact sequence 
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Perf{k) ^ * 



(383) 



Lpei^^) ^Perfik) 

provides the data of a Nisnevich square. 

We now prove that our Nisnevich squares are compatible with the monoidal product of smooth noncom- 
mutative spaces. For that we will need the following preliminary result 

Lemma 6.46. Let 

Let 

W ^ V (384) 

U 

be a Nisnevich square of smooth noncommutative spaces and let 

Tx fu (385) 



Tv T-w 

he its associated pullback diagram in T)g'^'^{k). Then the image of Ii385\) through the (non-full) inclusion 
Dg'^'^{k) — !> 'Dg'^{k) remains a pullback diagram. 

Proof. As discussed in I6.28[ the dg-category 'Dg^'P{k) has all limits and the (non-full) inclusion Dg''P{k) C 
Dg{k)''^^ preserves them. By definition, 'Dg^{k) is the full subcategory of 'Dg^'P{k) spanned by the locally 
presentable dg-categories of the form T for some small dg-category T. Therefore, we are reduced to show that 
the (non-full) inclusion Dg'^'ik) C T>g^P{k) preserves the pullback diagrams ()385p associated to Nisnevich 
squares. This statement is the dg-analogue of the Proposition 12.71 



Following the discussion in 16. 2[ the functor N^^ provides a commutative square 

L 

^ T ^ non— full _ r 

By construction, iVj^ is conservative, preserves fully- faithfulness and preserves the notion of "homotopy 
category" (see the Remark [SH 1.3. 1.11]). This result, together with the Propositions 16.381 and implies 
that a sequence of dg-categories A ^ B ^ C in Dg^'^{k) is exact in the sense discussed in this section if and 
only if its image N^g{A) N^g{B) -> N^g{C) in ^r^^^j^ is exact in the sense discussed in 12. 1.231 It follows 
also that A has a compact generator if and only if h{N^g{A)) has a compact generator. 

Consider now the pullback diagram p85|) associated to a Nisnevich covering and let K ~ Kx-u — K^-w 
be the dg-category (with a compact generator) in T>g'^'^{k) associated to the open immersions. By the 
discussion above, N^j^^ preserves exact sequences and we find a diagram in IPr^^ 
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NU^r) ^N^g{Tu) (387) 



Since N^^ commutes with limits, this diagram remains a puUback in and we find ourselves facing 

the conditions of the Proposition 12.71 so that the diagram remains a puUback after the inclusion in Tr^J^^ . 



Finally, since NV is conservative, the commutativity of p86p implies that ([385]) remains a puUback in 



dg 

'Dg{kyP. This concludes the proof. □ 

We can now state the main result: 

Proposition 6.47. 1 ) Let IL ^ X be an open immersion of smooth noncommutative spaces. Then, for any 
smooth noncommutative space the product map 



(388) 



is also an open immersion; 
2) Let 



■ V 



(389) 



X 



be a Nisnevich square of smooth noncommutative spaces. Then, for any smooth noncommutative space 
the square 



remains a Nisnevich square. 
Proof. To prove 1), let 



it(8)y 



Kx-u 



(390) 



■Tx 



(391) 



be the data in 'I)g{ky'^'^™ corresponding to the open immersion. We are reduced to prove that by tensoring 
with Ty (in Dg(fc)''*^™) the diagram 



Kx-u ® Ty 



■Tx®Ty 



(392) 



■■®Ty 



■Tu®Ty 
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remains the data of an open immersion. Observe first that since the monoidal structure in T)g{ky'^'^™' is 
compatible with colimits, * (g) is again a zero object. To complete the proof it suffices to check that [i) 
Kx-u ® remains a dg-category having a compact generator; (m) the map Kx-u ® J\j — > Tx ® Ty remains 
fully-faithful and [Hi) the diagram p92p is a pushout. The first assertion follows from the Remark 16.261 
The second is obvious by the definition of fully-faithful and the construction of tensor products. The third 
follows from the Proposition 1.6.3 in 26 . 

Let us now prove 2). It follows from 1) that both W Cg) ^ — V (g) y and II y — )■ X y remain open 
immersions, corresponding the quotients by the subcategories Kx-u ® Ty and i^v-w €5 Ty. Since the map 
Kx-u ^ ^v-w is an equivalence, the tensor product with the identity of Ty 

Kx^u ®Ty^ Kv-w ® Ty (393) 

remains an equivalence. We are now left to prove that the diagram p90p remains a pushout. This is 
equivalent to prove that associated diagram of dg-categories 

Tx (E> Ty ^ Tu (8) Ty (394) 

Tv ® Ty Tw ® Ty 

remains a pullback in Dg(k)f^. Since all the dg-categories in this diagram are of finite type we can find 
dg-algebras Tx = Per/(Ax), Tv = Perf{Av), Tu = Perf{Au), Tw = Perf{Aw) and Ty = Perf{Ay). It 
follows that the previous diagram is a pullback if and only if the diagram 

^x^y ^ ^u^^y (395) 

A^;r®~Ay ^ A^!i(^Ay 

is a pullback in Dg'^'^ik). By the hypothesis, the diagram 

Ax ^ Au (396) 

A-\/ >■ A-w 

is a pullback and so, thanks to [891 Theorem 7.2-1)] and to the Lemma [6.46) we have equivalences 

a7®~A^ c^M. Hom ^{M.Tr) -^ Wom AMSv x^^^ Ar) - (397) 

-^Ham^iAyXv) ^^HomAM.A;.) ^Ham^(AyXu) ^ A^^Ay x^^^ A^i^Ay (398) 

□ 

To conclude this section we prove that our notion of Nisnevich squares of smooth noncommutative spaces 
is compatible with the classical notion for schemes. 

Proposition 6.48. IJ X is an affine smooth scheme oj finite type over k and 
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V 



(399) 



U- 



X 



is a Nisnevich square in N {AffSm^* {k)) , then the induced diagram in 'NcS{k) 



V(p-i(f/)) 



LpeiU) 



LpeiV) 



■LpeiX) 



(400) 



is a Nisnevich square of smooth noncommutative spaces. 

Proof. Indeed, it is immediate that both maps Lpe{p~^{U)) — ?► Lp^iV) and Lpe{U) Lp^{X) are open 
immersions of smooth noncommutative spaces. This is exactly the example that motivated the definition. 
They correspond to the quotient maps in T)g{ky'^'^"^ 



Lpe{X) — 

We are left to check that: 
1) The square in Dgik)"^" 



Lpe{X)/Lpe{X)x-U 



and 



Lpe{V) 



LpeiV) / Lpe(y)v -p-i {U) 



(401) 



is a pullback; 
2) the map Lpe{X) 



Lp,{U) 



Lpe{X) 



Lpe{V) ^Lpe{p-\U)) 



(402) 



Lpe{V) in Dg{ky''-'^™' induces an equivalence Lpe{X)x-u — Lpe{V) 



V-p-^(U)j 



The fact that (|402l) is a pullback follows from the fact that perfect complexes satisfy descent for the etale 
topology (which is a refinement of the Nisnevich topology) . This result was originally proven by Hirschowitz 
and Simpson in [82]. See also [93] for further details. 



The assertion 2) follows from 1) together with the fact that both Lpe{X)x-u and L 
by definition, the kernels of the quotient maps (|40ip . 



pe{V)v^p-i(u) are 
□ 



Remark 6.49. In fact, it can be proved that if a pullback diagram like (I399P induces a Nisnevich square 
of smooth noncommutative spaces then it is a Nisnevich square in the classical sense. This can be deduced 
using the equivalence Lqcoh{X)x-u — Lqcoh{y)p-^{x-u) together with the equivalences Lqcoh{X)x~u — 
Lqcoh{Xx-u) and 

^qcoh (x-u)) where Xx~u, respectively, Vp-i(^x-u), denotes 

the formal completion of X (resp. V) at the closed subset X — U (resp. p~^{X — U) (see [331 Prop. 7.1.3]). 
In particular this shows that the new notion of Nisnevich square is not really a weaker form of the original 
notion. 
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6.4.2 The Motivic Stable Homotopy Theory of Noncommutative Spaces 

Now that we have an analogue for the Nisnevich topology in the noncommutative setting, compatible with 
the classical notion for schemes, we can finally conclude our task. We apply the same formula that produces 
the classical theory. We start with INfcS'(fc)® and consider its free cocompletion T'''^^ {'NcS{k)) together with 
the natural unique monoidal product extending the monoidal operation in 7^cS{k), compatible with colimits 
on each variable and making the inclusion j : yicS{k) — > J'''^^ {'NcS{k)) monoidal (see 13.11]) . Next step, 
consider the localization ymsi^cSik)) of V''^^ {J^cS (k)) along the set of aU edges Uj(w) ^ i(^) 
running over all the Nisnevich squares of smooth noncommutative space 

W ^ V (403) 

U 

The theory of localization for presentable {oo, l)-categories [521 5.5.4.15] implies that T^^CNcSik)) IS an 
accessible reflexive localization of 7'''^^ {'NcS{k)). The same result, together with the fact that the Nisnevich 
squares are pushouts squares, implies that every representable j(X) is in y%{J^cSik)). Moreover, and 
thanks to the Proposition 16.471 we deduce that this localization is monoidal. Finally, and in analogy with 
the commutative case, we consider the localization 

ll1:y%l{y^cS{k))-,3i.^,{k) (404) 
taken with respect to the set of all maps 

j{Idx)^jiLp,{p)) : j(X) «. j-(VK)) ^jm®j{Lp,{Spec{k))) (405) 

with X running over 3\fcS'(fc). Here, p : — > Spec{k) is the canonical projection and the tensor product 
is computed in ■J>%'^^^{'}^cS{k)). Ell A gain, this is an accessible reflective localization of J'5^^^(>lcS'(fc)) and 
it follows immediately from the definition of the localizing set that it is monoidal. Altogether, we have a 
sequence of monoidal localizations 

?^cS'(fc)® i- (NcS'(fc))» ^ T5jf^(?^cS'(fc))® ^ :Knc{k)'^ (406) 

and by construction, 3-C„c{k) is a presentable symmetric monoidal (cxd, l)-category and has a final object 
which we can identify with the image of the zero object of 'NcS^k) through the yoneda's map. Again, in 
analogy with the classical situation, we consider the universal pointing map 

OT ■■ ^ncikf ^ J{„c(fc)*^^^ (407) 

which is an equivalence because of our Convention 16.411 when we localize with respect to the Nisnevich 
topology with 16.41] the (oo, l)-category !Knc(k) becomes pointed. 

Finally, the compatibility between the classical and the new Nisnevich squares |fl and the respective 
and Lpe (A^)-localizations, we deduce the existence of uniquely determined monoidal colimit preserving 
functors that make the diagram homotopy commutative 

^''Of course, since j is monoidal and the representable objects are Nisnevich local, this is the same as localizing with respect 

to the class of all maps j{X Cg) Lpe(A^) >■ X Lpe{Spec(k))) . 

^® Recall that the collection of classical Nisnevich squares forms a basis for the Nisnevich topology 
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N{AffSmf\k)y 



y{N{AffSm^\k))y 



(408) 



(ipe)! 



Shms{N{AjJSm^'\kW " - ^VmsiyicSik))® 



:K{Sr ^^nc{k)® 

0+ 

If we proceed according to the classical construction, the next step would be to stabilize the theory, first 
with respect to (the ordinary stabilization) and then with respect to the Tate circle. It happens that the 
inner properties of the noncommutative world make both these steps unnacessary. 

Proposition 6.50. The presentable pointed symmetric monoidal {oo,l)- category ^nc{k)^ is stable. More- 
over, the Tate circle 7/'(Gm) is already an invertible object. 

Recall that in 3^(fc)^ we have an equivalence (P^, oo) ~ 5^ AG„i with pointed at 1. Since the functor 
-0® is monoidal and commutes with colimits, we also have '4){{¥^ ,oo)) ^ A ^p{Gm). In particular, the 
Proposition 16 . 50l will follow immediately from the following lemma 

Lemma 6.51. The object ijj {{P^ , oo)) £ M„c(fc)® is invertible. 

Proof. By definition, we have 

(Pi, w) := coftber:Kik)[lA^{x^ ■ Spec{k) ^ P^)] (409) 

where oo : Spec{k) — > P^ is the point at infinity. By diagram chasing, the fact that Lpe(P^) is a dg-category 
of finite type, and the fact that all the relevant maps commute with colimits we find 



V'((P\cx))) ~ llf{cofihery^^^(^j^cs(k))[j{Lpe{oo))]) 



(410) 



We claim that the last cofiber is the unit for the monoidal structure in 'J'Nis{'NcS{k)), which, because the 
Yoneda's functor is monoidal, corresponds to j{Perf{k)). To see this, we observe first that map Lpe(oo) : 
Perf{k) = Lpe{k) — > Lpe(P^) in 'NcS{k) corresponds in fact to the pullback map Lpe(P^) — >■ Perf{k) along 
oo in 'Dgiky^'^'^ . Recall the existence of an exceptional collection in Lpe(P^) generated by the sheaves and 
0(— 1). Since the pullback preserves structural sheaves, the map Perfik) — s> Lpe(P^) in J^cS{k) fits in the 
Nisnevich square of the Example 16.451 



Perf{k) 



■Lp,{F^) 



(411) 



■ Perf{k) 



dual to the split exact sequence provided by the exceptional collection. Finally, since in y i^isiJicS{k)) every 
Nisnevich square is forced to become a pushout, we have 
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cofibery^^^(^y,,S{k))[j{Perf{k) ^ Lp,{F'))] ~ Perf{k) 

which concludes the proof. 

It also follows that we have a canonical equivalence 

:K„c(fc)®[(^(P\cx))-i)] ~ Jf„,(A:)® 
and for this reason, we reset the notations to match the classical one 



(412) 
□ 



(413) 



(414) 



Remark 6.52. Let X be smooth noncommutative space whose associated dg-category Tx admits an ex- 
ceptional collection generated by n + 1 elements. By the Remarks 16.441 and 16.451 this provides to the data 
of n different Nisnevich coverings. These are sent to split exact sequences in §3-C„c(^) which we now know 
is stable. We find that the image of X in SIK„c(fc) decomposes as a direct sum of n + 1 copies of the unit 
1 — Perf{k). In particular the smooth noncommutative space Lpe(P") becomes equivalent to the direct 
sum 1 ® ... ® 1 in SJ£„c(fc)®. 



Finally, our universal property for inverting an object in a presentable symmetric monoidal (cx), 1)- 
category ensures the existence of a unique monoidal colimit map £® extending the diagram (|408|) to 



■ Nc5(fc)® 



N{AffSm^\k)Y 



$-K{k)'^ - - - - ^SJ{„c(fc)® 
relating the classical stable homotopy theory of schemes with our new theory. 



(415) 



Remark 6.53. Uisng the same arguments of the Remark 15.131 we can describe the symmetric monoidal 
(oo, l)-category $'Knc{k)® using presheaves of spectra. More precisely, we can start from the (oo, l)-category 
of smooth noncommutative spaces J^cS{k) and consider the {oo, l)-category Fun{'NcS{k)°P , Sp). Using the 
equivalence Fun{'NcS{k)°P , Sp) ~ 5ta6(J'(3\fcS'(fc)),) together with the Remark 14.271 we obtain a canonical 
monoidal structure Fun(>[c5(fc)°P, 5p)® defined by the inversion T(?^c5'(fc))* [(S*!)-^]® . To conclude, we 
proceed as before, and perform the localizations with respect to the noncommutative version of the Nisnevich 
topology and Lpe{A^). By the same arguments, these are monoidal reflexive localizations. We denote the 
result as Fun^^^^f^i-^(7^cS{k)°P , Sp)^. It is a stable presentable symmetric monoidal {oo, l)-category and by 
the Prop. 16.501 and the universal properties envolved, it is canonically monoidal equivalent to §Jf„c(fc)®- 

Using this equivalence and the definition of l^cS{k), we can identify an object F G §!K„c(A)® with a 
functor Dg{k)-f* Sp satisfying Lpe(A^)-invariance, having a descent property with respect to the Nisnevich 
squares and because of the convention l6.41[ satisfying F{0) — *. 

6.5 Future Works 

The previous section concludes our goals for this paper. In a second part of this work, we investigate the 
following insight/conjecture of Kontsevich in 53': 

Conjecture 6.54. (Kontsevich) Let X and y be smooth noncommutative spaces over k and assume ^ is 
dualizahle. Then, there is a natural equivalence of spectra 

Maps:K^^^S){^, y) ^ K{Tx 0^ T^) (416) 
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where Ty is the dual of the dg-category with respect to the symmetric monoidal structure in 'NcS{k). G. 
Tabuada proved this conjecture is true in his approach (see [86] ) . It should also be true in our new setting 
and in this case this will immediately force the right adjoint 3^® to the map £® (which exists due to the 
adjoint functor theorem and is lax-monoidal because of formal abstract-nonsense) to send the unit of the 
monoidal structure in SIK„c(fc)® to the algebraic if-theory spectrum K e 8>^{S) endowed with its natural 
structure of object in CAlg{§3{{S)) (see for instance [35] for the structure of commutative algebra object on 
K). In this case, the lax monoidal functor 3^® will factor through the (oo, l)-category of K-niodules 

§^£(5-)® — SDincik)^ (417) 



ModK(S3^(fc))® 

where the vertical map is the forgetful functor. Again, the adjunction functor theorem provides a new 
lax-monoidal functor left-adjoint to the new dotted map, which makes the diagram commutative 

§5{(5')® £^§3^„^(fc)® (418) 

ModK(§?^(fc))® 

where ls:H(k) is the unit of the monoidal structure and the vertical map is now the base-change with respect 
to the unit Isjc(fe) K. Since both and the base-change are monoidal, the map will also be monoidal. 
Our main goal is to investigate to what extend the new map is fuUy-faithfull. 
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